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Abstract. In this paper, the singularity Ringel-Hall algebras are defined. A new class of 
perverse sheaves are shown to have purity property. The canonical bases of singularity Ringel- 
Hall algebras are constructed. As an application, the existence of Hall polynomials in the tame 
quiver algebras is proved. 



0. Introduction 

0.1 Since G. Lusztig [Ll|, IL2t [L3] and M. Kashiwara [K] have proved that there exist the canonical 
bases in the quantized universal enveloping algebras, the canonical bases is playing an extremely 
vital role in the research of Lie algebra, Heck algebra and the quantized Schur algebra. The 
elements in the canonical bases are not only characteristic as perverse sheaves of quiver variety 
|LH \L2\ IL3j , but also they are characteristic as the elements in Ringel-Hall algebra (see |L4j and 

lEXZ])- 

Because of the deep relations between Ringel-Hall algebra and the many profound results in 
the representation theory of finite dimensional algebra, it is worth to study the representations of 
quiver algebras using the canonical bases and study the canonical bases and the representation 
of the other algebras (e.g., q— Schur algebra )using the representations of quivers. 

M. Varagnolo and E. Vasserot [VVj proved the decomposition conjecture for quantized Schur 
algebra of type A. 

A natural question is that how one can prove the decomposition conjecture for quantized 
Schur algebra of the other types. 

Using the Ringel-Hall algebra model in the study of canonical bases is an important skill in 
|VVj . Let U+(Q) (resp. U+ (Q)) be the generic Hall algebra, where Q = A n (resp. Q = Aqc). 
Based on the proof in |VVj . we had to construct q— Fock spaces of the other affine types in order 
to prove the decomposition conjecture for quantized Schur algebra of the general type. 

According to Proposition 5 in |VVj . we know that U+ (Q)// = /\°°, where / is the submodule 
of U+ (Q) generated by ho, where the (9's are unstable orbits in Nakajima variety of type -Aoo- 
We conjecture that the q— Fock spaces of the other affine types should be the quotient of some 
subalgebra of Ringel-Hall algebra (e.g., Singularity Ringel-Hall algebras) modulo unstable orbits. 
In this paper, we prove that the quotient of the singularity Ringel-Hall algebras modulo unstable 
orbits is isomorphic to q— Fock space in the case of type A. 

G. Lusztig [L4j proved that the perverse sheaves corresponding to the canonical bases have 
purity property. In this paper, we find a new class of perverse sheaves which has purity property. 
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Thereby, we prove that the singularity Ringel-Hall algebras have the canonical bases. As an 
application of the singularity Ringel-Hall algebras , we prove that the tame quiver algebras have 
Hall polynomials. 

0.2 The paper is organized as follows. In §1 we give a quick review of the definitions of Ringel- 
Hall algebras and Double Ringel-Hall algebras. In §2 we define the singularity Ringel-Hall 
algebras TC S (A) and study the rations between the singularity Ringel-Hall algebras and the 
quantized universal enveloping algebras. We prove Proposition 2.1.2 and from this, we point out 
that the quotient of the singularity Ringel-Hall algebras modulo unstable orbits is isomorphic 
to q— Fock space in the case of type A. In §3 we construct the PBW— basis of TC S (A). In 
§4 we prove that the closure of semi-simple objects in % have purity property. In §5 we study 
the fibres of p^. We also give a new class of perverse sheaves which have purity property. In 
§6 we prove that the singularity Ringel-Hall algebras have the canonical bases. In §7 A.Hubery 
[H] have proved the existence of Hall polynomials on the tame quivers for Segre classes. In this 
subsection, by using the extension algebras of singularity Ringel-Hall algebras, we give a simple 
and direct proof for the existence of Hall polynomials on the tame quivers. 

Acknowledgments. I would like to express my sincere gratitude to H.Nakajima for a number 
of interesting discussions. I am also grateful to J. Xiao for a number of interesting discussions. 



1.1 A quiver Q = (I, H, s, t) consists of a vertex set /, an arrow set H , and two maps s,t : H — > I 
such that an arrow p E H starts at s(p) and terminates at t(p). 

Throughout the paper, ¥ q denotes a finite field with q elements, k = ¥ q the algebraic closed 
field ,Q = (I, H, s, t) is a fixed connected quiver, and A = ¥ q Q is the path algebra of Q over 
F q . By mod A we denote the category of all finite dimensional left A- modules, or equivalently 
finite modules. It is well-known that mod A is equivalent to the category of finite dimensional 
representations of Q over ¥ q . We shall simply identify A- modules with representations of Q. 

The set of isomorphism classes of (nilpotent) simple A-modules is naturally indexed by the 
set I of vertices of Q. Then the Grothendieck group G(A) of mod A is the free Abelian group ZJ. 
For each nilpotent A-module M, the dimension vector dim M = ^ ig/ (dimMj)i is an element 
of G(A). The Ringel-Hall algebra T~C(A) is graded by NI, more precisely, by dimension vectors 
of modules. 

The Euler form {—,—) on G(A) = ZI is defined by 



for a = Y^ici a ii an d P = Sie/ hi in "LI. For any nilpotent A-modules M and N one has 



This gives rise to a symmetric generalized Cartan matrix C = with ctjj = It is 

easy to see that C is independent of the field ¥ q and the orientation of Q. 

Throughout the paper, we concentrate on tame quiver Q. The symmetric Euler forms give 
rise to the Cartan matrices of types A, D and E. 



1. Ringel-Hall algebras 




(dimM, dim AO = dim F(3 Hom A (M, N) - dim FiJ Ext A (M, N). 



The symmetric Euler form is defined as 

(a, /3) = (a, (3) + (J3, a) for a,f3eZI. 
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1.2 Ringel-Hall algebra. Given three modules L, M, N in mod A, let g^ N denote the number 
of A-submodules W of L such that W ~ N and L/W ~ M in mod A. More generally, for 
Mi, • • • , M t , L G mod A, let ^ ,. M( denote the number of the filtrations — L C Li C • • • C 
L< = L of A-submodules such that Lj/Lj_i ~ Mj for i = 1, ■ ■ ■ , t. Let f g = G C and 
be the set of isomorphism classes of finite dimensional nilpotent A-modules. Then the twisted 
Ringel-Hall algebra 7i*(A) is defined by setting H*(A) = H(A) as Q(v g )-vector space, but the 
multiplication is defined by 

„.(dim M.dimJV) L „, 

[L]ev 

Following [R3], for any A-module M, we denote (M) = v -dimM+dimEnd A (M) U[M] _ Note that 
{(M) | M G V} a Q(u 9 )-basis of H*(A). 

The Q(u g )-algebras 7i*(A) depends on q. We will use H*(A) to indicate the dependence on q 
when such a need arises. 

1.3 A construction by Lusztig. For any finite dimensional /-graded fc-vector space V = 
J2iei^i with a given ¥ g — rational structure by Frobenius map F, let Ey be the subset of 
(B p eH Hom( V^(p) , Yt( p ) ) defining nilpotent representations of Q. Note that Ey = (B p eH Hom( V s ^ , V t ^ ) 
when Q has no oriented cycles. The space of Eg— rational points of Ey is the fixed point set E^. 

Let Gy = Yli e iGL(Vi), its subgroup of ¥ q — rational points is Gy. Then the group Gy = 
Yl iGl GL(Vi) acts naturally on Ey by 

(d, x) i-> g • x = x where = g t ( p )X p gJ^ for all p G H. 

The restriction of the action of Gy on Ey gives an action of the finite group Gy on Ey. 

For 7 G N7, we fix a /-graded /c-vector space V 1 with dim = 7. We set E 7 = Ey 7 and 
G 7 = Gy 7 . For a, (5 G NI and 7 = a + [3, we consider the diagram 

E a xE,j^E'^) E" E 7 . 

Here E" is the set of all pairs (x, W), consisting of x G E 7 and an x-stable /-graded subspace W 
of Vy with dim W = (3, and E' is the set of all quadruples (x, W, R', R"), consisting of (x, W) G E" 
and two invertible linear maps & :F$ ->W and R" : F° -► E^/W. The maps are defined in 
an obvious way: P2(x, W, R f , R") = (x, W), p%(x, W) = x, and pi(x, W, R', R") = (x f , x"), where 

X P R 's(p) = R 't(p) X 'p aIld X P R 's( P ) = R t(p) X "p fOT a11 P G H - 

If M G E a , N G E/3 and L G E^, we define 

z = P 2pT 1 {o m x o n ),z L)M ,n = zn^ 1 . 

The varieties and morphisms in above diagram are naturally defined over ¥ q . So we have 

E F xE FJ^ E ,F E ,,F E ^ 

For any map p : X — > Y of finite sets, p* : C(Y) — > C(X) is defined by (f)(x) = f(p(x)) and 
P! : C(X) — > C(y) is defined by p\(h)(y) = J2 x ep- 1 (y) M x )> 011 the integration along the fibers. 
Let C g f(E£) be the space of Gy-invariant functions E^ — > C( or Qj.) Given / G C g f(E^) and 
5 G C G F ( E ^)> tnere is a unique h G C G (E" F ) such that pl(h) = p\(f X 5). Then define f o g by 

fog=(p 3 ),(h)eC GF (EF). 
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Let 

m(a,/3) = + ^2 a s (p)b t (p)- 

iel pen 

We again define the multiplication in the C-space K = © Q , e pj/C G .F(E^') by 

f*g = v- m ^fog 

for all / G C g f(E„) and g G C g f(K^). Then (K, *) becomes an associative C-algebra. 

For M G E£, let O m C E a be the G a -orbit of M. We take 1 [M] G C g f(E£) to be the 
characteristic function of Ofj, and set /rj^i = u~ m m 1[m]- We consider the subalgebra (L, *) 
of (K, *) generated by f^j] over Q(v q ), for all M G E^ and all a G NJ. In fact L has a <Q)(v 9 )-basis 
{/ [M ]|M G E^, a G N/}. Since 1 [M] o l [Ar] (W) = <7mjv for an Y ^ G E 7 » we have 
Proposition 1.3.1 [LXZj The linear map : (L, *) — > H*(A) defined by 

<p(f[M]) = (M), forall[M]eV 
is an isomorphism of the associative Q(v q )- algebras. 

1.4 Double Ringel-Hall algebra 3>(A). First, we define a Hopf algebra TL + (A) which is a 
Q(f)— vector space with the basis {Ku\fi G Z[J],a G P}, whose Hopf algebra structure is given 
as 

(a) Multiplication ((El]) 

u+*u+ = w<°^ 9af3ut, for all , a, /3 G P, 
xev 

K^*u+= v^^ut * for all , a G P, fi G N[7], 
K M * = K u *K ll = K^ +u , for all ,fj,,uE N[J] . 

(b) Comultiplication ([G]) 

A«) = £ vMZWffeu+Kf, u+, for all , A G P, 
A(K M ) = ® K M , for all , fi G N[/]. 



with counite e(u^) = 0, for all A 7^ G P, and e{K^) = 1. Here oa denotes the cardinality of 
finite set Aut A (M) with dimM = A. 
(c)Antipode([X]) 

8{u+) = 6 X0 + X)(-l) m £ 

7reP,Ai,--,A m eP\{0} 

^A 

for all A G P, and S(K^) = for all /i G It has the subalgebra generated by {ua|A G P}, 
which is isomorphic to 7i*{A). 

Dually, we can define a Hopf algebra 7i~{A). Following Ringel, we have a bilinear form 
<p : H + (A) x TT{A) — >Q{v) defined by 
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for all u., v G Z[i] and all a,/3 &V. Thanks to [X], we can obtain the reduced Drinfeld double 
&{A) of Ringel-Hall algebra of A, and the triangular decomposition 

9{k) = n~ ©r ®n + , 

where T denotes the torus subalgebra generated by {K^ : /i £ Z[J]}. 

The subalgebra of 3>{A) generated by {uf,K±\i G /} is called the composition algebra of A 
denoted by C(A). It is also a Hopf algebra and admits a triangular decomposition 

C(A)=r(A)®T®C + (A), 

where C + (A) is the composition algebra generated by uf : i G /, and C~(A) is defined dually. 
Moreover, the restriction ip : C + (A) x C~(A) — >Q(w) is non-degenerate (see[HX]). 
In addition, £)(A) also admits an involution u defined by 

co(u^) = u^,lu(u^) = u^, for all A G V; 
u(K„)=K^, for ah>G N[I}. 
Then ip(x,y) = (uj(x),uj(y)). Obviously, lo induces an involution of C(A). 

2. Singularity Ringel-Hall algebras 



2.1 Singularity Ringel-Hall algebras Ti s (A). Let {7{, ■ ■ ■ ,%} be all nonhomogeneous tubes 
in mod-A (in fact , Z ^ 3), = r(7i) the period of %. It is well known that Yli=i( r i~ 1) = 1-^1 ~~ 2. 
We define W s ( A) to be the subalgebra of (A) generated by {m , U[ M ] : i G /, M G 7}, 1 < j < Z}. 
It is called Singularity Ringel-Hall algebra of A. From the definition, it is clear that 7i. s (A) 
depends only on the type of the quiver Q, and does not depend on the finite field ¥ q . We now 
set @ S (A) to be the subalgebra of @(A) generated by {uf, uf M , : i G I, M G Tj, 1 < j < I}. 
According to the AR— quiver of tame quiver (see |CB| ). it is easy to see that: 

Lemma 2.1.1 Let M G %, for some i, 1 ^ i ^ I, and 

— >M 2 — >M — >Mi — >0 

a short exact sequence. Then Mi = I\®N\,M = P2@N2, where P2 is preprojective, Ni, N2 G %, 
and I\ is preinjective. □ 

Lemma 2.1.2 2t s (A) is a Hopf algebra depends on the type of Q. 

Proof. By Lemma 2.1.1, it is easy to see that 3> S {A) is closed under comultiplication. So it is 
sufficient to prove that S> S {A) is closed under antipode S. 

Since comultiplication is an algebra homomorphism , it is sufficient to prove that S(u^ M ^) G 
@ S (A), for some MG^KKi. 

We may assume that S(ut M q) G 3> S {A) for any dim M' < dim M. Because of fj,(S © 1)A = rje, 
we have 

S( U + M] ) + S(K^ M )u+ M] + £ ^^^^^^^^^^(^j!^^)^^. (2.1.1) 

M lt M 2 jtQ M 
Suppose M\ = I\ © A r i, M = P2 © A^. Using induction on dim M, we have, by Lemma 2.1.1, 
S(u+ N i] ) G #-(A). 

Since ujt 1 * ujt , = u^^ 1 '^ 71 )^, and 5(uJ,) G ^ S (A) by Lemma 6.1 and 6.2 in [LXZ] . 
we have 5(«jL-,) G ^ S (A). Therefore (2.1.1) implies S(uf M] ) G ^ S (A). □ 
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2.2 Decomposition of TC S (A). In the following, we follow an idea of Sevenhant and Van den 
Bergh to obtain subalgebras of Ti s (A) and $) S {A). (see also |HXj .) 

According to the definition of (p, it is easy to see that the restriction of ip on T~L s d + x TCa~ , for 
all a G N[i], is also non-degenerate. 

For a, (3 G N[I], we use a < /? to means that /? - a G N[J]. Clearly, C(A) j3 = H s {A)p j£ /3 < 6. 
We now define 

£+ = {x+ G H S > + (A)\ <p(x + ,C-(A)) = 0}. 

Dually, let 

C- = {x- G H S >-(A)\ <p(x-,C + (A)) = 0}. 
The non-degeneracy of (p implies 

H s > + (A)s = C + (A) s e£j, 
H s '-(A) s = C-(A)s®Cj. 

Let Qi s (\) be the subalgebra of £F S generated by C ± (A) and Then we also have the 
triangular decomposition 

@ s (l) = @ s {iy ®T ® ^ s (l)+. 
Suppose has been defined, we inductively define C^ s as follows: 

£+ 5 = {x+ G v?(x+, (m - I)") = 0}, 

= {x- G ^"^(m - 1)+) = 0}. 

Let *2J s (m) be the subalgebra of ^ s generated by & s {m — 1)^ and L s . Therefore 

& s {m) = S! s {m)~ <g> T <g> @ s (m) + . 

Lemma 2.2.1 Let rj n s = dim^C+s = dim Q(v)^n5- Then VnS = I- 

Proof. By proposition 7.5 in |LXZ] . we know that ^(«[m(«)]) fo r a £ ^Prep > ^(V') ^ or a e 
the real roots: i = 1, • • • , Z; *(Wj,m5,i-%+l,m<5,i), «i > 1, 1 < j < n - 1, i = 1, • • • ,1; $(E nS ),n > 
1 and ^(m[m(/3)]) f° r £ ^Prei fo™ a Zi-basis of n + , that is, the basis of C + (A)/(v — 1). 

According to the definition of TL S , ^(u[M(a)]) fo r a £ ^Prep'i for a the real root: 

i = ,1; y(uj )mS) i), m > 1, 1 < j < r h i = 1, • • • ,1; ^(E nS ),n > 1 and *(u[ M (/?)]) for 

G $p~ rei form a Z-basis of H s /{v - 1). 

Since X^=i( r « — 1) = |-f | — 2, we have 7] n s = I by the construction of C^ s for all n. □ 

For each nS, there exist bases {x\, • • • , x^} of £3^ and a basis {?/*, • • • , y l n } of vC"^ such that 
Thus, we have 

p q _ q q -^n<5 — K— n S <■ „ 

x nVm ~ Vm x n ~ _i °pq°mni 

V — V 1 

for all m, n, 1 ^ p,q ^ I (sec |HX]). 

We now set Xi = uf ,yi = —v~ x u^ for each i G /, and let J = {(n5,p) : 1 ^ p ^ Z}. Define 

9i = i if i G I , Qi = nb if i G J, and Xj = if i = (n8,p),yi = —v~ 1 y^ l if i = (nS,p). 

Moreover, by a theorem of Sevenhaut and Van den Bergh, we have that & s is generated by 

{xi,yi\ i G / U J} U {K^ : n G N[i]} 
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with the defining relations 



K = 1, KpKv = K^ +u for all fi,v E N[7] (2.2.1) 

K^xi = vW^XiKp, and K„ yi = v'^yiK^ for all i G I U J, /z € N[i] (2.2.2) 

Xj^j — j/yaci = ^tj f° r a ll i,j & I U J (2.2.3) 

£ P+P '=i- aiJ (-l)**?^? = and Z p+P '=i- aij (-lyvPvsvF = (2-2.4) 

XiXj = XjXi and yiUj = yji/i for all i, j G 7 U J with (9i,0i) = 0. (2.2.5) 

Applying the relations above, the next statement is clear. 

Proposition 2.2.2 

(a) n£N,Ki^l} are central in Ti s ' + . Dually ,{y l n \ n£fJ,Ki^l} are central in H s '~ 

(b) H s -+ C+ <g> Q(«)[<l neN,Ui^I]. 

(c) £n commutes with 7i s, ~,yn commutes with 7i s ' + . 

□ 

In particular, we have I = 1 in case Q = A n , n > 3, that is 7i s ' + = C/q(s/ n ) + (E)Q(u)[xi, • • • , x n , • • 
3. PBW— bases of Singularity Ringel-Hall algebras 



3.1 It is known that there exists full subcategory (£(P, L) in mod A (see |LXZj 7.1). Moreover 
(£(P, L) is equivalent to the module category of the Kronecker quiver over ¥ q . Thus it induces an 
exact embedding F : mod K w mod A, where K is the path algebra of the Kronecker quiver over 
¥ q . We note here that the embedding functor F is essentially independent of the field ¥ q . This 
gives rise to an injective homomorphism of algebras, still denoted by F : 7i*{K) <^-> H*(A). In 
TL*(K) we have defined the element E m g K for m > 1. Set i£ m< j = F(E m s K ). Since E m s K G C*(K), 
and (L),(P) G C*(A), so P m< 5 is in C*(A) and even in C*(A) Z - Let K be the subalgebra of C*(A) 
generated by P m ,5 for m G N, it is a polynomial ring on infinitely many variables {E m $\m > 1}, 
and its integral form is the polynomial ring on variables {E m s\m > 1} over iT. 

We denote by £o (resp. <£i) the full subcategory of £(P, L) consisting of the A-modules which 
belong to homogeneous (resp. non-homogeneous) tubes of mod A. 

We now decompose E n s as follows 



E n 8 — E n s t i + E n s ; 2 + E n $£, 

where 

TP _.— n dim Si— n dim S2 Y^ „, /o 1 i\ 

h n5,l-V Z^[M},M^l,dimM=nS U [M] [6.1.1) 

Tp _,— n dim Si— n dim S9 Y^ „, fq 1 o\ 

AwS,2 - V [M],dimM=n<5 (3.1.2) 

m=Mi e Af 2 ,o^Mi e Ci ,(VM 2 e £0 

p „ „,— n dim Si— n dimS2 Y^ „, /q 1 q"i 

^n<5,3 — V Z^[M],MeCo,dimA/=n<5 n [A/]- (3.1. <5J 

Note that dimSi = dimf q Si,i = 1,2, but the values are independent of the choice of finite 
field ¥ q . Let w = (wi, • • • , wt) be a partition of n, we then define 

E w s,3 = E Wl s t s * • • • * E Wt $g. 
Let P(n) be the set of all partitions of n, and (AT) = v -dimN+dimEnd(N) Um _ get 

B = {(P) * (A7> * £ W(5i 3 * (7)| P G Vprep, M G ©! =1 ^,7 G P prei , w G P(n), n G N}. 
Then we have the following: 
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Theorem 3.1.1 The set B is Q(v)-bases ofH s ' + . 

Proof. Let II" be the set of aperiodic r,— tuples of partitions, for all 1 ^ i ^ I. Set 

B c = {(P) *E 7T1 *---*E Wl * £ w5 :P£ V prep , I G V prei , vr* G Uf, w G P(n), Ki^I,n6N), 
B' = {x * /(4) : z S B c ,/(x J n ) G Q(v)[xi :Kj^I,ne N]}. 

By Proposition 7.2 in |LXZj . we know that B c is a Q(u)-basis of C*(A). Following Proposi- 
tion 2.2.2, we conclude that B' is Q(i>)— basis of 7i s,+ . 

Using induction on n, it follows from (3.1.1), (3.1.2) and (3.1.3) that E n g^ G 7i s ' + . Therefore 
B C H s '+. 

Because B is linear independent over Q(f), we will see that each 

(P)*E ni *---* E ni * E„ s * (I) * /(4) 

in B' may be represented by B. 

If M is a homogeneous module in some tubes, N a regular module in other tubes, then 
(M) * (N) = (N) * (M). Thus, (3.1.1), (3.1.2) and (3.1.3) imply that E wS is represented by 
B. Furthermore, B c may also be represented by B. So it is sufficient to prove that x d n satisfy 
the property. By the definition of H. s,+ , we know that H. s ' + is generated by B c and {{M) : 
M G ®\ =l Ti}. Note that Mi G % or M 1 = if — >P — >P X © M x — >M — >0 is a short exact 
sequence, where P, Pi G V prep , M G % for some i. Similarly, we have M\ G % or M\ = if 
— >M — >I\ © Mi — >I — >0 is a short exact sequence, where I, I\ G V pre i,M G %. It implies 
that every element in 7i. s ' + , in particular Xn, my be represented by B. 

4. Purity Properties of Perverse sheaves of closure of semi-simple objects in % 

4.1 We denote by M{x), x G E a , the A— module of dimension vector a corresponding to x. For 
subsets A CK a and B C Kp, we define the extension set A * B of A by B to be 

„4*£> = {z G E a+J g| there exists an exact sequence 

M(x) -> M(z) -> M(y) -> with ieB, j/ei}. 

It follows from the definition that A*B = PsP2{jP\ 1 {A x B). Because p\ is a locally trivial 
fibration (see Lemma 2.3 in |LXZ] ). we then have A* B <^ A* B . In particular, Om * On = 
©AfffiAf if Ext(M, N) = 0, i.e., Om®n is open and dense in Om * On- 

Set codim .A = dimE a — dim A. We will need the following: 

Lemma 4.1.1 [Re| Given any o>,/3 G NJ, if i C E and B C Ea are irreducible algebraic 
varieties and are stable under the action of G a and Gp respectively, then A* B is irreducible 
and stable under the action of G a+ p, too. Moreover, 

codim A * B = codim A + codim B — ((3, a) + r, 

where < r < min{dim^Hom(M(y), M(x))\y G B, x G .4}. □ 

Let M{x),N{y) be modules corresponding to x,y G E Q respectively. We denote by O x ( or 
Om{x)) t ne G a — orbits of x. We now introduce two orders in A— mod as follows: 

•N < deg M if N CO M - 

•N <ext M if there exists Mi, 11%, V% and short exact sequence 

— >Ui — ► Mi — >Vi — > 
such that M = M\, Mj + i = C/j © Vi, 1 ^ i ^ p, and A" = M p+ i for some natural number p. 
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It follows from G.Zwara [Z] that: 

Proposition 4.1.2 The orders <deg> <ext are equivalent in A — mod. □ 

We denote by Vx the category of perverse sheaves on algebraic variety X. Let / be a locally 
closed embedding from X to Y. One has the intermediate extension functor 

/!* : Vx — » Vy,P — > Im{PH°(fiP) H°(f*P)}- 

In particular, suppose £ be a local system on a nonsingular Zariski dense open subset j : U — * Y 
of the irreducible n— dimensional Y. Then ICy(C) := j!„X[n] E Vy. 

Definition 4.1.3 Let K, be a Weil complex. Then IC is said to have the purity property if on 
all stalks of the semisimplication J^f v (JC)^ s (v/2) of cohomology sheaves the Frobenius F x acts 
trivially. 

Lemma 4.1.4 Let p : X — * Y be a smooth morphism of relative dimension d, dimY = m, a 
nonsingular Zariski dense open subset U of the irreducible n— dimensional Y and the diagram 
as follows is a cartesian square 

u = P - 1 (u ) -i+ x 

P\u I Pi 

U Y. 

If jo\*Qi[m] has the purity property, then j\*Qi[d + m] has the purity property. 
Proof. By the definition of j* and j\, we have a natural morphism 

w ? H°Oo!Q/M) n°(j MiH). 

It induces an intermediate extension functor 

M* -Vu — ► V Y 

such that = Im{ p H°(j ^i[m}) — > p H°(j'o*QjH)}- Furthermore, 

p*[d] otpy :p*[d]( p H°(jo^i[m}) ^P*[d]( p n°UoMH). 
Since p : X — ► Y is a smooth of relative dimension d, p*[d] = p'[— d] are t— exact, we have 

Vx - p n°(p*j Mi[m + d])-^P H°(p*j *®i[m + d}), 

Vx - p H (Mi[™ + d])^P n°(jM[m + d}). 

So, p*[d\(jo\*Qi[m]) = j\*Qi[d + m]. By the same argument, we get p*[d] of = Fop*[d]. Since 
jo\*Qi[ m ] has the purity property, the statement of Lemma is true. □ 

Let M Wi and are, respectively, the union of orbits of regular modules of L) and 

£o(P, L) with dimension vector Wi5. Set jV w = Af Wl * • • • *N Wt and A/" w ,3 = Ad,3 * • • • *J\fw t ,3- 

For any P E V pre p, M E ®\ = {P%, I E V pre i^i E Uf, 1 ^ i < I, w E P(n), n E N, we define the 
varieties 

0P,H,-,ir,,w,/ = Op * O ni ■ • • ★ O n ★ jV w * Ol, Op t M,w,I = Op * Om *A/" W) 3 * Cj. 

According to [L4| and |L5|, we know that IC-^ (Qj) have purity property. In order 

to construct the canonical basis of H S (A), we need to study the purity property of 0p,Af,w,/- 

Theorem 4.1.5 Let X = Op % M,vr,I, for all P E V pre p,M E ®\ =1 T h I E V pre i,Vf E P(n),n E N. 
Then ICx(Qi) has the purity property. 
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In order to prove Theorem 4.1.5, we need to prove a number of Lemmas about purity properties 
of perverse sheaves of closure of semi-simple objects in 7^ . 

4.2 For the tame quivers A n , D n , Eq, Ej and E%. The orientations are given ( see blow) 

An 1 k 

^n+K— n< - ^ 

Fig.4.2.1 

2 ✓ n+1 

_ \ / 

Dn _3 < 4<--- n-2< n-1 

y 



1 



Fig.4.2.2 
7 



Ee 



I 

6 

I 



->2 >3< 4<- 



Fig.4.2.3 
8 



i 



->2 > 3 > 4< 5 < 6<- 

Fig.4.2.4 



Ee 



I 



->2 >3< 4< 5< 6< 7<r 

Fig.4.2.5 



We then have ( or following |DR|) 

(4.2.1) the real regular simples of A n have period n, and have dimension vectors 
(1,0,0,--- ,0,1), (0,1,0,- •• ,0,0),-- ,(0,0,0,..- ,1,0). 

(4.2.2) the real regular simples of D n with dimension vectors 

(1,0, 1, 1 • • • , 1, 1, 0), (0, 1, 1, 1, ■ • ■ ,1, 0, l)(with period 2) 
(1,0, 1, 1 • • • ,1,0,1),(0,1,1,1,-- - ,l,l,0)(with period 2) 

(1,1,1,0-.. ,0,0,0), (0,0,1, 1,--- ,1,1,1), (0,0,0,1,0,... ,, 0,0,0), ••• ,(0,0,0,0,... ,0,1,0,0) 
(with period n-2) 
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(4.2.3) the real regular simples of Eq have period 2, 3, 3 respectively, and have dimension 
vectors, respectively, 

(1,1, 2, 1,1, 1,1), (0,1, 1,1,0, 1,0); (1,1, 1,1, 0,0,0), (0,1, 1,0, 0,1,1), (0,0, 1,1, 1,1,0); 
(1, 1, 1, 0, 0, 1,0), (0, 1, 1, 1, 1, 0, 0), (0,0, 1, 1, 0, 1, 1). 

(4.2.4) the real regular simples of Ej have period 2, 3, 4 respectively, and have dimension 
vectors, respectively, 

(1,1, 2, 2, 1,1,0,1), (0,1, 1,2, 2, 1,1,1); (1, 1, 1, 2, 1, 1, 1, 1), (0, 1, 1, 1, 1, 1, 0, 0), (0, 0, 1, 1, 1, 0, 0, 1); 
(1,1, 1,1, 1,0, 0,0), (0,1, 1,1,0, 0,0,1), (0,0, 1,1, 1,1, 1,0), (0,0, 0,1, 1,1,0,1). 

(4.2.5) the real regular simples of £"8 have period 2, 3, 5 respectively, and have dimension 
vectors, respectively, 

(1,2, 3, 2,2,1,1,0,2), (1,2, 3, 3, 2, 2,1, 1,1); 

(1,2,2, 1,1, 1,0, 0,1), (0,1, 2, 2, 2, 1,1, 1,1), (1,1,2,2, 1,1, 1,0,1); 

(1,1, 1,1, 1,0, 0,0,0), (0,1, 1,1, 0,0, 0,0,1), (1,1, 2, 1,1, 1,1, 1,1), (0,1, 1,1, 1,1, 1,0,0), 
(0,0,1,1,1,1,0,0,1). 

In the following , the mxn matrix over k is denoted by M mn (k), the A;— vector space generated 
by column vectors of matrix A is denoted by C(A), the projective space of /c— vector space V is 
denoted by P(V). 

Lemma 4.2.1 Let Q = A n ,n ^ 3 as in Fig. 4. 2.1. Let Ei, 1 ^ i ^ n, be regular simple objects, 
and X = O^v Ei- Then ICx(Qi) nas the purity property. 

Proof. Let V be the /—graded vector space V = ©^jf Vi, and Vi = k. Set a = (1, 1, • • • , 1) & 
then 

E a =E V = {x\ X = (x 12 ,X 23 , ■■■ , Xn,n+1, Xl,n+l) G k n+1 }, 
0®^ =l Ei = {x\ X12 = £23 = ' ' ' = x n,n+l = 0, £l,n+l / 0}, 
X = 0®n Ei = {x\ S12 = X23 = ■ • • = £n,n+l = 0} = A 1 . 



It is clear that ICx(Qi) has the purity property. The statement is proved. 



□ 



Lemma 4.2.2 Let Q = D n , n ^ 4 as in Fig.4.2.2, let E h i = 1,2; E' j: j = 1,2; E'^, 1 < m < n-2 
be regular simple objects corresponding to three non-homogeneous tubes, respectively. Set 
X\ = El e,E2,X 2 = E ' ieE > 2 , and X 3 = 0^n-i E „. Then IC Xi (Qi) have the purity property for 
any i = 1, 2, 3. 

Proof. We only prove i = 1. The other cases can be proved similarly. Let V be the I— graded 
vector space V = ©"t/V;, and Vi = V 2 = V n = V n+1 = k,Vi = k 2 for all 3 < i < n - 1. Set 
a = (1,1,2,- •• ,2,1,1) e N[J], then 



E a = Ey = {x\ X = (xi 3 , £ 2 3, ^43, " " • , £n-l,n-2, £n,n-l, £n+l,n-l), 

£l3> £23, £n,?i— 1) £n+l,n— 1 5 ^43) ? %n— l.n— 2 G M 22 (fe)}. 



Thanks to [DR], we can get E\® E 2 = M(x), where x G E Q and 



£13 — £n,n— 1 



1 





. £23 — £n+l,n-l 



, ^4,3 



£n— l.n— 2 



For any x S Oe 1 ®e 2 -> there exists g = (gi)i<=i G GL Q such that 



1 
1 



£13 = 53 



1 





9i \£23 = 53 



9 2 i £j,i— l 



ft-ift \4 < « < n - 1, 
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1 





9n ) £n+l,n— 1 — 9n—l 



£ra,n— 1 — 9n—l 

Moreover, we get 

[ %13 £23 ] = X43 • • • £n-l,n-2 " [ £n,n-l £n+l,n-l 

and 

[ X n , n _l X n+ i jn _i ] = (x 43 • • ' X n -\ >n -i)~ X • [ ^13 £23 ] 

Hence, we have 



9 n +i- 



9n9\ 







9n+l92 



-1 



9\9 n 1 







929 n +\ 



Oe 1 ®E 2 = {x\ X e E a , [ Xi 3 X 2 3 ] = £43 • • • £n-l,n-2 • [ £n,n-l £n+l,n-l 



6 
6 



Let 



X' 



£16 ¥= 0, det{ Xi ^x) / 0, 4 < i < n - 1} 

k* x k* x {a; I x = (x 43 , • • • , x n _i jn _ 2 , £n,n-l, £n+l,n-l), de^i.i-i) ^0, 4sCisCn-l 
rfet [ x nj „_i x n+ i jn _i ] 7^ 0}. 

{x'| x' = (x 43 , • • • ,x n _i in _ 2 ,x ni „_i,x n+ i in „i),x iii _i E M 22 (/c),4 ^ i < ra- 1 
£n,n— 1) £n+l,n— 1 G M 2 i(fc)}. 



Then 



* = EieE2 = k x k x X' = {x\x = (ei,6,£'),6,6 £ k,x' £ X'} = A 4n " 10 . 

The result is clear, now. □ 

Lemma 4.2.3 Let Q = E 6 as in Fig.4.2.3, let E h i = 1,2; E£,j = 1,2,3; £^,m = 1,2,3 be 
regular simple modules corresponding to three non-homogeneous tubes, respectively. Set X\ = 
Oe 1 @e 2 ,X 2 = O E'^E'^Ei' andX 3 = E n^ E n &E n. Then IC Xl (Q;) iave the purity property for 
any i = 1,2, 3. 

Proof. We only prove £ = 1. The other cases can be proved similarly. Let V be the I— graded 
vector space V = ®J =1 Vi, and V\ = V 5 = V 7 = k,V 2 = V4 = Vq = k 2 ,V 3 = k 3 . Set a = 
(1,2,3,2,1,2,1) G N[I], then 

E a =E V = {x\ X = (xi 2 ,X 23 ,X43,X54,X 6 3,X 76 ), 

£12, £54, £76 G M 2 i(fc),X 23 ,X 4 3,£63 G M 32 (/c)}. 

Thanks to [DR| . we can get £1 © £ 2 = M(x), where i£E a and 



£12 = £54 = £76 



1 





£23 



" 1 


" 




" 


" 




" 1 


" 








,£43 = 


1 





,£63 = 


1 








1 







1 







1 



For any x E El ® E2 , there exists g = (gi)iel G GL a such that 

1 



(4.2.6) 



£12 = 92 



£43 = 93 



9\ , £23 = 93 




1 





1 
1 



94 1 £76 = 96 



1 





g 2 \x 54 = 54 



9 7 , £63 = 93 



9 5 



1 
1 
1 



9 6 
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Set 



Z = {z = (zo, [Ai : X 2 ],z 2 , [z 3 ,z 4 ,z 5 ],x)\z £ k 2 x P 1 x k* x P(/c 2 x /c 2 x /c 2 ) x E Q , 

X12A1 = Z0A2, ^23^0 + ^43^54^2 = ^63^76, ^23^3 = ^43^4 = ^63^5, 

del zo z 3 ] 7^ 0, cfe£ [ X12 £3 ] 7^ 0, ctei [ X54 Z4 ] / 0, cfei [ x 7 q z§ 
del [ x 23 x\ 2 X43X54 x 6 3^5 ] / 0, AiA 2 / 0}. 



The polynomial map 



denned by <£>(z) = x . We will show that <p is an isomorphism. 
On the one hand, because z £ Z, we take 

9l = Z! = ^,#5 = Z 2 ,g 7 = 1,52 = [ Z12Z1 ^3 ] ,54 = [ X54Z2 z 4 ] , 

g 6 = [ x 76 z 5 ] , g 3 = [ x 23 x u zi x 43 x 54 z 2 £63^5 ] 



Hence, 



92 



93 



1 



1 

1 



9I 1 



[ X l2 Zl z 3 



1 





X12, 



9 2 



[ X 23 X± 2 Zl X43X54Z2 x 63 z 5 



1 

1 



9a 



93 



96 



93 



1 





1 
1 



1 



1 

1 

1 



= [ ^23^12^1 ^63^5 ] [ X i2 Zi Z 3 } 1 
= [ X 23 X\ 2 Z\ ^23^3 ] [ X12Z1 Z 3 j 
= X 23 [ X 12 Z\ Z 3 ] [ X 12 Zi Z 3 ] 

= x 23 , 

' 1 





[ X 12 Z! Z 3 ] 1 



g 5 1 = 54 = [ £54^2 z 4 



z 2 — ^54) 



94 1 = [ ^23^12^1 X43X54Z2 X 63 Z 5 ] 





1 
1 



[ X4 3 X 54 Z2 2:4324 ] [ X54Z2 Zi } 1 
^43, 



[ X54Z2 Z 4 ] 



-1 



[ ^76 Z 5 



1 





X 7 6, 



9q 1 = [ x 23 x 12 Zi X43X54Z2 x 63 z 5 

= [ x 63 x 76 x 63 z 5 ][ x 76 z 5 ] 1 
= x 63 . 



So if is well defined. 

On the other hand, we have the inverse map ip of <p 



1 
1 
1 



X 76 Z 5 



1p ■ El (BE 2 ► Z, 1p(x) = Z, 



and z is defined in the following. 
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Since x 6 Oe 1 ®e 2 -> there exists (gi)i^i £ GL a such that x satisfies (4.2.6). Therefore, 



(4.2.7) 



^23^1251 = 53 



X2392 = 93 



1 




1 

1 



^43^5455 = 93 



, X4394 = 93 




1 




1 
1 



^63^7657 = 53 



^6356 = 53 



Set 



Ai 


51 


55 


" " 




" " 




A 2 


= z\ = —, 


z = x 12 z 1 ,z 2 = — , z 3 = g 2 


1 


, ^4 = 54 


1 


, ^5 = 56 


97 


57 



1 
1 



1 
1 
1 



we have 

^23^12^1 + ^43^54^2 = ^63^76, ^23^3 = ^43^4 = ^63^5- 

Based on (4.2.7), we known that X23X12, £43X54 is linearly independent over k. Thus z\ and z 2 
is unique determined by x. 
Suppose 

^23 4 = x 434 = ^63 4; 

and 

det [ x\2 z' 3 ] 7^ 0, det [ 254 z' A ] ^ 0, det [ x^ z' 5 ] 7^ 0, det [ X23X12 X43X54 x 63 4 
By 

dim k C(x 2S ) n C(x4 3 ) = dim k C(x 43 ) n C(x 63 ) = dim k C(x 63 ) n C(x 2 3) = 1 

we have 

(4.2.8) X234 = 0x23^3, X43Z4 = ax 43 z 4 , x 63 4 = a2; 63 £5 

for some a £ k*. 
Since 

2 = ranfc(x2 3 ) = ranfc(x4 3 ) = rank(x% 3 ), 

(4.2.8) implies 

4 = az 3 , 4 = az 4 , 4 = az 5 . 
Hence, tp is well defined, and ip is an isomorphism. 
Furthermore, let 

X = {z = (z , [Ai : A 2 ],£ 2 , [^3,2 4 ,2 5 ],x)|2 G A; 2 x P 1 x k* x P(/c 2 x k 2 x fc 2 ) x E Q , 

X12A1 = Z0A2, ^23^0 + X 43 X 54 Z2 = X 63 X 76 , X 23 Z 3 = X43Z4 = x 63 z 5 }. 

it is easy to see that X = Oe 1 ®e 2 - 

We denote by P(i) (resp. the projective (resp. injective) module corresponding to i for 
any i G I. Set Y = O t -2 P(1)(bE2(bI(1) . Since 

Hom A (T- 2 P(l),I(l)) = Hom A (E 2 ,I(l)) = 0, 

and 

(qimT~ 2 P(l),dim£2) = dim k Hom(T^ 2 P(l), E 2 ) = 0, 

we obtain 

dim k End(T~ 2 P(l) ©£2© 1(1)) = 3, dim k X = dim k Y + 1. 
Furthermore, up to isomorphism ip, we have 

Y = {z\z G X,xi2 = 0,A 2 = 0}. 
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Let x' G E Q such that x = (x\2, 0) + x' . We define the smooth morphism 

p: X — ► Y, = (z , [Ai : 0],z 2 , [z 3 , z 4) z 5 },x'). 

Since r _1 P(l) © E2 © 1(1) is aperiodic, /Cy (Q^) has the purity property by Theorem 5.4 in 
|L4| . It is clear that p is smooth with relative dimension 1. Therefore, by Lemma 4.1.4, the 
statement is proved. □ 

Lemma 4.2.4 Let Q = E 7 as in Fig.4.2.4, let E u i = 1,2; E' j: j = 1,2,3; E'^,m = 1,2,3,4 
be regular simple objects corresponding to three non-homogeneous tubes, respectively. Set 
Xi = El (BE 2 ,X 2 = E ^ E ^ E > z , and X 3 = O s » eE « eS « ffiE .// . Then IC Xl {Qi) have the purity 
property for any i = 1, 2, 3. 

Proof. We only prove i = 3. The other cases can be proved similarly. Let V be the I— graded 
vector space V = ®f =1 Vi, and Vi = V 7 = k,V 2 = V 6 = V 8 = k 2 ,V 3 = V 5 = k 3 ,V 4 = k 4 . Set 
q = (1,2,3,4,3,2,1,2) G N[I], then 

E Q = Ey = {x\ X = (xi2,X23,Xu,X5A,X 65 ,X 7 e,X 8 4:), 

X12,X 76 G M 2 l(k),X23,X65 G M 3 2(k),X 3 4,X 5 4 G M A3 (k),X S A G M 42 (fe)}. 

Thanks to [PR] , we can get © © Eg © £"4 = M(x), where x G E Q and 



£12 = ^76 





" 1 


" 




' 


" 


^23 = 





1 


, x 65 = 


1 


















1 



^34 



1 

10 

1 





X5A 



1 



10 

1 



, ^84 



For any x G E n^ E n^ E n^ E n, there exists {gi)iei G GL a such that 









1 














1 



(4.2. 



X12 = 92 



9l 1 ,X23 = 93 



1 
1 




92 ) x 34 = 9A 



1 











1 











1 












93 1 , 



X54 = 9a 



1 




















1 











1 



9 5 > x 65 = 95 





1 
1 



9% , X76 = 96 



1 





91 



X$A = 9A 





1 

1 



9s 
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Set 



Z = {z = (z , [Ai : A2], Z2, z 3 , z±i,Z42, Z5, zq, zj, x)\z G k 2 x P 1 x k 2 x k 3 x k 2 x k 2 x k 3 x k 2 x k* x E a , 

X12A1 = Z0A2, ^34^23^0 = 2:54^5, ^34^23^2 = X 8 4^41 , ^34^3 = ^54^65^76^7, ^84^42 = ^54^65^6, 
z 5 1 G P(£: 2 x fe 3 ), [ z 2 : z 4 i ] € P{k 2 x A; 2 ), [ * 3 : z 7 ] G P{k 3 x fc), 

z 2 ], [ Z41 Z42], [ X12 z 2 ] , [ x 76 z 6 ] £ GL 2 , 



Z2 

Z42 



z 6 G P(k 2 x k 2 



X23 z 3 ] , [ z 5 x 65 ] G GL 3 ,AiA 2 / 0} 
The polynomial map 

(p : Z — ► Oe'{®eZ®e'{®e'1 

denned by (p(z) = x. We will show that <p is an isomorphism. 
On the one hand, we take 

9i = zi = 92 = [ X12Z1 z 2 ] , 93 = [ X2zXx2Z\ x 2 3Z 2 z 3 ] , g 5 = [ z 5 x 65 x 76 z 7 x e5 z e ] 
96 = [ x 76 z 7 zq ], g 7 = z 7 ,g s = [ Z41 z 42 ] , 94 = [ x 3 4X 23 x 12 z 1 2:34X23^2 x 34: z 3 x 5 4X 65 z 6 

Thus, 



92 


' 1 " 




9i 


1 


[ X 12 Zl z 2 ] 


" 1 " 




z 1 1 = X12, 










" 1 " 


" 










"10" 








93 





1 


92 


_1 = [ £23^12^1 


X23Z2 z 3 ] 


1 


[ X\2Z\ Z 2 ] 


-1 


2:23, 





























= 1 





" 












" 1 


" 


94 






1 






1 


g 3 1 = [ X34X23X1221 X 34 X 2 3^2 ^34^3 X54X 65 Z 6 ] 






1 
1 




_ 





_ 


= £34, 










_ 


_ 




" 1 





" 












" 1 


" 


94 








1 






g 5 1 = [ X34X23X1221 X 34 X 2 3^2 ^34^3 X 54 X 6 5Z 6 ] 








1 




_ 





1 












_ 


1 _ 










= [ ^34X23^12^1 X34Z3 


X 5 4X 65 Z 6 ] [ Z 5 Xq 5 X 7 qZ 7 


2:55^6 . 




" 


" 










' " 




-1 




95 


1 





96 


' = [ Z 5 X 65 X 76 Z 7 


X65Z6 ] 


1 


[ X 76 Z 7 Zq ] 


2:65, 




_ 


1 










_ 1 _ 








96 


" 1 " 


" " 


97 

" 


1 _ 


[ x 76 z 7 z 6 ] 


' 1 " 




= x 76 , 




' ( 


D " 




94 


1 







9~8 


_1 = [ X34X23X12Z1 


2:342:23^2 


2:34^3 


2:542:65 ze ] ( 


1 

] 


[ Z41 







1 














] 1 





[ 2:23X12^1 X 2 3^2 Z 3 



[ Z 5 Xq 5 X 76 Z 7 Xq 5 Zq 



2:54, 



1 -1 



2:84, 



that is, if is well defined. 

On the other hand, we get the inverse map tp of (p 



ip '■ Oei®e'1®ez®e'1 



Z, il>(x) = z, 



and z is defined in the following. 
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Since x G Oe'{®e%®e%®e'Ii there exists (gi)iei £ GL a such that x satisfies (4.2.8). Therefore, 
(4.2.9) 



^34^23^1251 = ^5455 



1 






2^3453 



X 5 4XQ5X7697 





1 


























" " 




" 1 " 




1 


= 94 





, ^34^2352 


1 


= ^8458 





= 94 







_ _ 














_ _ 




" " 














" " 









" " 






" " 







= 94 


1 


, ^8458 


1 




^54^6556 


1 


= 94 






















1 



Set 



A 2 



Zl= 91, ,Zq = X 12 Zi, z 2 = 92 



2 3 = 53 









" " 


^41 = 58 





, ^42 = 58 


1 



25 = 55 



1 







26 = 56 




1 



■ 2 7 = 57- 



It is easy to see that z = (zq, [Ai '■ X 2 ], z 2 , z 3 , Z41, z 42 , z$, zq, 27, x) G Z. 
Suppose z' = (z' , [Ai : A' 2 ], z' 2 , z' 3 , z' 41 ,z 42 ,z' 5 , z' 6 , z' 7 , x) G Z, we have 



(4.2.10) 



£342:2320 
£34^2320 = 



£5425, X34X2322 = X 84 Z 4 i,X 34 Z 3 = X5 4 X 6 5£7627, X 84 Z 42 



X544, X 34 X232 2 = X$4Z4 1 ,X 3 4Z' 3 



X54X 65 X 76 4, £842 42 



= X54X 65 Z 6 , 
^54^65 2e- 



Since dimfcC(x54)nC(x 34 X2 3 ) = 1, we have X54Z5 = AX54Z5 for some A. Because rank(x^ 4 ) = 3, 
there exists a matrix 1/54 such that 2/54X54 = I3. Thus, z§ = Xz' 5 , that is , [zq : 25] G P{k 2 x A; 3 ). 
Based on (4.2.8), we have 



C(x 34 X 23 ) = C(54 



1 

1 







and C(x 84 ) = C(g 4 





1 

1 



Since 



C(x 84 ) n C(x 34 x 23 ) = C(g 4 




1 





we obtain z 2 = fxz' 2 and Z41 = fiz 41 for some \x G k*, that is [z 2 : Z41] G P{k 2 x k 2 ). In the same 
way, we get [z 3 : z 7 ] G P(k 3 x k), [z 42 : z e ] G P(k 2 x k 2 ). 

Hence, V is well defined, and <p is an isomorphism. 

Let 

X = {z = (zq, [Ai : X 2 ], z 2 , z 3 , z 4 i, z 42 , z 5 , z 6 , z 7 , x)\z G k 2 x P 1 x k 2 x k 3 x k 2 x k 2 x A: 3 x k 2 x k x E Q , 

X12A1 = Z X 2 , X 34 X 23 Zq = X54Z5, X 34 X 23 ^2 = X 8 4241,X 34 Z 3 = X54X65X76Z7, X 8 4242 = ^542:6526, 

z 5 ] G P{k 2 x k 3 ), [ z 2 : z 4 i ] G P{k 2 x k 2 ), [ z 3 : z 7 ] G P(k 3 x k), 



Then X 
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z 42 : z 6 ] G P(A 2 x A 2 ),} 
Ok 
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Set Y = r -2p(7)e£» e ,E»e£» e /(i). Since 

Hom A {T- 2 P(7), 1(1)) = Hom A (E'/, 1(1)) = 0, * = 2,3,4 

(dimr- 2 P(7),dimEf) = dim k Hom A (T- 2 P(7),E'/) =0,i = 2,3,4, 

we have 

dim k End A (T- 2 P(7) © E% © E% £4 © 1(1)) = 5, dimX = dimY + 1. 
Furthermore, up to isomorphism <p, we have 

Y = {z\z G X,xi 2 = 0,A 2 = 0} 
Let x' G E Q such that x = (xi2, 0) + x', and define the smooth morphism 
p: X — > ^pO) = (*o> [Ai : 0],Z2,Z3,Z4,z 5 ,Z6,Z7,x'). 
Thus, Lemma 4.2.4 follows from the lemma 4.1.4. 



□ 



Lemma 4.2.5 Let Q = E 8 as in Fig.4.2.5, let E h i = 1,2; E' p j = 1,2,3; E'^m = 1,2,3,4,5 
be regular simple objects corresponding to three non-homogeneous tubes, respectively. Set 
Xi = El (BE2,X 2 = O e^e^e^ andX 3 = O e ^e!^®E'^e^®b'^ Th en IC Xl (Qi) have the purity 
property for any i = 1, 2, 3. 

Proof. We only prove i = 1. The other cases can be proved similarly. Let V be the I— graded 



vector space V 



=1 V if and Vi = V 7 = k 2 , V 2 = V 5 = k\ V 3 = k b , V A = P, V 6 = V 9 = k s , V s 



k. Set q = (2,4,6,5,4,3,2,1,3) £ N[J], then 

E a =E V = {x\ X = (xi2,X23,XA3,X 5 A,X 65 ,X 7 Q,X 8 7,X 9 3), 

xi 2 G M 42 (k),x 23 G M 64 (£;),X43 G M 65 (A:),X54 G M 54 (k),x 65 G M 43 (A;),x 76 G M 32 (fc), 
x 8 7 G M 21 (/c),x 93 G M 63 (A;)}. 

Thanks to [DRj . we can get £i © £2 = M(x), where x G E Q and 



X12 



£65 





1 

1 



1 



1 

1 



^23 



£76 




10 
10 

10 
1 



1 
1 




£43 



£87 



1 











" 







1 




































1 








1 











1 



















1 _ 










" 1 














1 


1 














1 







£93 










1 














1 














1 



£54 



1 














1 














1 














1 
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For any x £ Oe 1 ®e 2 - i there exists (gi)iei £ GL a such that 



(4.2.11) 



xn = 92 


























9l \Z23 



53 





























1 


























1 














1 



92 > ^43 = 53 



1 

















1 
































1 

















1 

















1 



3^54 = 54 



10 
10 
10 
1 




5 5 , ^65 = 55 



1 



1 



1 

1 



5 6 , x 76 = 56 



1 
1 




5 7 



X87 = 57 




1 



^93 = 53 



1 1 

1 









5 9 



Set 



Z = {z = (zu,z 12 , z 2 ,z 3 ,z 4 ,z 5 ,zq,z 7 , z 8 , [Ai : X 2 ], z 91 , z 92 , z 93 ,x)\ 

z £ k 2 x k 2 x k 4 x k 4 x k 5 x k 4 x k 3 x k 2 x k 2 xF 1 x k 3 x k 3 x k 3 x E Q , x 87 Ai = z 8 X 2 , 

X23Z2 = X43X54Z5, X 2 3^3 = X43X54X6526, £93^91 = X4 3 X 5 4X 65 X 76 Z 7 + X23Z2, 
^93^92 = X23a:i22ll + X43X54Z5, X23Xl2^12 = ^43^4, 
^93^93 = ^43^54^65^76^8 + ^23^3 + ^23^12^12, 

[53 : z 6 ] £ P{k 4 x k 3 ), [z 12 : z 4 ] £ P{k 2 x k 5 ), [ z u z 12 ] , [ z 7 z 8 ] £ GL 2 , 
x 7 qz 7 x 76 z 8 zq ] £ GL 3 [ z 2 x 12 zn z 3 x 12 zi 2 ] , 

X 65 X 7 qZ 7 Z 5 Xq 5 X 7 qZ 8 Xq 5 Zq ] £ GL4 

Z91 Z 92 ^93 ] G GL 3 , [ X 5 4XQ 5 X 7e Z 7 X54Z5 X 5 4X 65 X 7G Z 8 X54X 65 Z 6 Z4 ] £ GL 5 , A1A2 



The polynomial map 



defined by (p(z) = x. 
If we take 



51 

53 

54 

56 



211 Z 12 } , 92 = [ Z 2 X 12 Zu Z 3 X 12 Zl2 ] , 

^43X54X65X76^7 X43X54Z5 X23^12^11 X4 3 X 5 4X 65 X 76 Z 8 ^43^54^65^6 ^43^4 ] , 

X54X 6 5X76^7 ^54^5 ^54^65^76^8 ^54^65^6 ^4 ] , 55 = [ ^65^76^7 Z 5 X 65 X 76 Z 8 X 65 Z 6 ] , 

^76^7 ^76^8 Zq ] , g 7 = [ Z 7 Z 8 ] , 



one may get x £ E a satisfies (4.2.11), that is, ip is well defined. 
On the other hand, we have the inverse map of ip 



4> ■ El (BE 2 ► Z,tp(x) = Z, 



and z is defined as in the following. 
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Since x £ Oe 1 ®e 2 -, there exists {gi)i 6 GL^ im e±®e 2 such that x satisfies (4.2.11). Moreover, 



(4.2.12) 





" 1 " 




" " 




" " 









1 







X2352 





= X43X5455 







1 









_ _ 




_ _ 



X 43 X54X655'6 





1 



X23X1251 



£9339 



X9399 





1 



£4354 



X23X1251 









1 
1 





£9359 



1 






X43X 5 4X 65 X 76 g 7 



+ £43X54515 




1 





X43X54X65X76X8758 + X 2 352 



" " 




" " 





+ X2352 





1 


1 











1 





+ X2352 



+ X23X1251 



1 








Set 



Z6 = 56 



1 



' 


1 



212 = 91 



Z7 = 97 











' " 


" 












1 


, Z2= 92 





, Z3 = 92 


1 















Z 8 = XS798, ^ = 58, 



ZA = 94 








1 



Z5 = 95 





1 






then we have z = (zn, zu, z 2 , z 3 , z 4 , z 5 , z 6 , z 7 , z$, [Xi : X 2 ], z 9 \, z 92 , z 93 , x) G Z. 

Suppose z' = (z' u , z' 12 , z' 2 , 4, z' 4 , z' 5 , z' e , z' 7 , z' 8 , [X[ : X' 2 ],z' 91 , z' 92 , z' 93 ,x) G Z, then we also have 

(4.2.13) X23-4 = X43X544, X 23Z 3 = X43X54X65 4' X S7X[ = z' 8 X' 2 , 

X 93 Z 91 = X 4 3X54X 6 5X 76 4 + X 23 4, X 93 Z 92 = ^23^124l + X 4 3X 5 44' 
X23X1242 = X4 3 z' 4 , X93Z93 = X 4 3X54X 6 5X 76 4 + X 23 4 + X 23 X 12 z[ 2 . 

Based on (4.2.11), we obtain 



C(x 23 ) = C(g 3 















1 














1 


























1 














1 



), and C(x 43 X54X 6 5) = C(g 3 



1 





1 



1 
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C(x 23 xi2) = C(g 3 



' 


" 








1 — 1 




















1 



and C(x 43 ) = C(g 3 



1 

10 



10 



Therefore, 



C(x 43 x 5 4X 65 ) n C(x 23 ) = C(x 23 x 12 ) n C(x 43 ) = C(g 3 



1 










1 



It implies that z' 3 = fiz 3 , z' e = fiZQ, z' 12 = vz\ 2 , and z' A = vz 4 for some p, and v, that is, [z 3 : z%[ G 
P(k 4 x k 3 ) and [z 12 : z 4 ] G P{k 2 xfc 5 ). 

Hence tp is well defined, and 92 is an isomorphism. 

Let 

X = {z = (zu, z 12 , z 2 , z 3l z 4 , z 5l z 6l z 7 , z 8 , [Ai : A 2 ], z 91 , z 92 , z 93 , x)\ 

z e k 2 x k 2 x k 4 x k 4 x k 5 x k 4 x k 3 x k 2 x k 2 xF 1 x k 3 x k 3 x k 3 x E Q , x 23 z 2 = X43X54Z5, 

X 23 Z 3 = X 43 X 54 Xq 5 Zq, ^93^91 = ^43^54^65^76^7 + ^23^2, Xg 3 Zg 2 = ^23^12^11 + X43X54Z5, 
X 23 X 42 Z 42 = X 43 Z 4 , X93Z93 = X43X54X 6 5X7 6 X 87 Z 8 + X 2 3^3 + £23^12^12, X 87 Al = Z 8 X 2 , 

[z 3 : z 6 ] G P{k 4 x k 3 ), [z 12 : z 4 \ G P(k 2 x k 5 )} 

then we get X = Oe x ®e 2 - 

Let P be projective with dimension vector (123322101), and set Y = Op©_Ei©/(8)- 
Since 

Hom A (P,I(8)) = ffom A (Bi,/(8)) = 0, 
(dimP, dim^i) = Hom A {P,Ei) = 0, 

we get 

dimEnd A (P © E 1 © 1(8)) = 3, dimX = dimY + 1. 
Furthermore, up to isomorphism ip, we have 

Y = {z\z G X,x 87 = X 2 = 0}. 
Let x' G E Q such that x = (0, X87, 0) + x' and define 

p : X — ► Y,p(;z) = (z u , z 12l z 2 , z 3l z 4 , z 5 , z 6 , z 7 , z 8 , [Ai : 0] , z 9 i , z 92 , z 93 , x') . 

Applying Lemma 4.1.4, the proof is complete. □ 
Furthermore, in the same way, we can prove that the closure of orbits of semi-simple objects 

have the purity property. 

In order to prove Theorem 4.1.5, we not only need to discuss the closure of semi-simple objects 

in % which have purity property, but also need to study the fibres of p 3 . 



5. The Fibres of p 3 



Let Vj be a set of A modules of dimension vector 7, up to isomorphism. From the definition of 
p 3 in 1.3, it follows that p 3 ~ l {L) = V}NeVp,NCL , Z'L,M,N- Thus we need to discuss some properties 
of the variety 7tL,M,N- In feet, we know that g^ N is the number of rational points of varieties 



22 



GUANGLIAN ZHANG 



Zl,a/,tv- Set Z L = {(M,N)\(M,N) G V a x Vp,N C L, and L/iV ^ M}. If Z L has only 
finitely many elements, then p _1 (L) has a natural stratification with strata 7jl,m,n indexed by 
(M, N) G Z L . 

For the convenience of discussions below, we need to introduce some notations about the BGP 
reflection functors (see[BGP] or[DR]). 

We define aiQ to be the quiver obtained from Q by reversing the direction of every arrow 
connected to the vertex i. If i is a sink of Q, af is defined as follows: 



af : mod A 



mod <7,-A, 



where A = ¥ g (Q) (resp. A = k(Q)) and <7jA = ¥ q (aiQ) (resp. cr^A = k(aiQ)) are path algebras. 
Therefore af is an exact functor on the full subcategory modA(i) of mod A which do not have 
Si as a direct summand, and induce quasi-inverse equivalence between modA(i) and the full 
subcategory modcrjA(i) which do not have direct summand isomorphic to the simple injective 
module Si. 

According to the notation of Hall polynomial (see |R3j), we use | • | to denote the ordinary 
cardinality of a finite set. 

Lemma 5.1 Let M, M\,Mi and N be A— modules and let N (resp. M2) be a pre-projective ( 
resp. regular). If Hom\(M2, M\) = 0, then 

m®m 2 _ M \Hom k {M,M 2 )\ 
9 Ml eM 2 ,iv 9 Ml ,n 1 HomA ( Ml ; M2 ) 1 • 

Proof. Let X, Y and L be A— modules, and set 

W(X,Y;L) = {(f,g) G Hom A (X,L) x Hom k {L,Y)\ 
— > X — > L — > Y — > is a short exact sequence }. 

The action of Aut(X) x Aut(Y) on W(X,Y;L) is defined by 

(a,c)(f,g) = (/a,c _1 5). 

It induces the orbit space 

V(X,Y;L) = {(f,g) A \(f,g) G W(X,Y;L)}. 

Then\V(X,Y;L)\=gL x . 

Note that the actions of Aut(N) x Aut{M x M 2 ) and Aut(N) x Aut(M{) on W(N,M 1 
M 2 ; M © M 2 ) and W(N, Mi;M), respectively, are free. So we have 

\W(N,My,M)\ 



(5.1) 



\V(N, Mi © M 2 ; M © M 2 ) 



and 



" h ' 




5ii 





. h _ 


3 


. 921 


922 



If ( 

'922 921 fl- 

Consider the map 



\W{N M 1 ®M 2 \M®M 2 )\ 
\Aut(N)\\Aut(M 1 ®M 2 )\ ' 



G W(N, Mi © M 2 ; M © M 2 ), we have ^ 22 to be invertible and / 2 



Lp : W(iV, Mi © M 2 ; M © M 2 



( 



fi 



-9 2 2 921 fl 



On 

921 922 



W(N,M 1 ;M) x Hom A (M,M 2 ) x Aut(M 2 ) 
^ (/1, 9ii, 921, 922)- 



CANONICAL BASES 



23 



It is easy to see that the inverse map tp of 92 is 

ip : W(N,Mr,M) x Hom A (M,M 2 ) x Aut(M 2 ) 

fi 

(A, 9u, 921, 522) — ►( l -i„ f 

~922 921 Jl 

Thus, if is an isomorphism. Therefore, we have 



W(N,M 1 eM 2 ;M®M 2 ), 





9n 





•> 


_ 921 


922 



(5.2) \W(N,M 1 ©M 2 ;MffiM 2 )| = \W(N, Mr, M)\\Hom A (M, M 2 ) x Aut(M 2 )\ 

Hence the proof follows from (5.1) and (5.2). □ 

Proposition 5.2 Let S be a simple projective modules of kQ ( except Q = Eg )corresponding 
to an unique sink point, P a preprojective, and let M be a regular semi-simple objects in % for 
some i,l ^ i ^ I. Then (P3\a MX o s )^ 1 (P © L) have purity property. 
Proof. If g^% L / 0, we have 







/ 



PffiL 



9i 

92 



M 



0. 



According to the representation theory of quivers, we know that L £ %. First, we claim that L is a 
regular semi-simple submodule of M. Obviously, g 2 is a monomorphism. Let, otherwise, rad^iV) 
be the regular radical of L in full sub-category % of A — mod, then we have g 2 {radr i {L)) = 
and radr^L) C Im(f). But Hom^rad-r^L), S) = 0, a contradiction. 

Because of M and L to be semi-simple in %. Let l 2 be a morphism from M to L such that 
'252 = idL- Then M = M x © Im(g 2 ), where M 1 = {x - g 2 l 2 (x)\x G M.} 

Since 

M^Mie/m( 52 ), 
g 22 is an isomorphism and there are short exact sequences 



h 

~922 1 92lfl 





9ii 







921 


922 


J P®L 







and 

For any 



S Jl> P Mi 



Mi Im(g 2 ) 



0. 



Because of 



512 
522 

to L such that 



( J } , yn yU )6W(5,Mi®I;Pei). 

L 72 J L 521 922 

to be a split monomorphism, there is a morphism [ l 2 i l 22 ] from M\ © L 



[ '21 '22 



512 
522 



idL- 



Without loss of generality, we may assume that l 22 is an invertible. Otherwise, gi 2 is a split 
monomorphism , it implies Mi = M 2 © L. We then can get the same argument. 
Since 

5n - 512(^21511 + '22521) 
'21511 + '22521 idL 



idMi ~9i2 




id Ml 




5ii 


512 




id L 




'21 '22 




. 521 


522 _ 
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we have c 



*dMi -512 
id L 



^21 ^22 



S Aut A (M 1 © L) such that 



511 


512 




"5ii 


" 


_ 521 


522 _ 




. 521 


1 



Thus 

K(S,Mi0L;P0L) = {( 
Consider the map 



sending ( 



fi 



-521/1 



511 
521 1 



-521/1 



511 
521 1 



) G VF(5,MiffiL;PffiL)}. 



" /l 




"511 " 


_ -521/1 _ 




.521 1 _ 



<p : V(S, Mi © L; P L) — ► V(S, My, P ) 

) A ) to (/i,5ii) A - Let V( 9ll ) = {h 9ll \h £ Hom A (M 1 ,L)}. Then 



(A) 



^(511) is a k— vector subspace of Hom A (P, L) . Because of gu to be epimorphism, we have 
V(<7n) = Hom\(Mi,L) as k— space. Thereby 

^> _1 ((/i,5ii) A ) = Hom A (P,L)/V(g n ) = &dim k Hom K (P,L)/v( gil ) j 

\V(S,M 1 ©L;P©L)| = |F(5,Mi;P)| x lA^-^AOWnsii)^ 

The rest of the proof can be divided into several cases: 
Case 1 : Q = A n . 

Let Ei, 1 < i < n be simple objects in the full non-homgeneous subcategory of A — mod 
corresponding to the dimension vectors listed in Fig 4.2.1. Since there is only simple object E n 
such that Ext 1 (E n , S) 7^ 0, by Lemma 5.1, we only need to discuss the case ./V = (&mE n . 

Because P(n) ®(m — l)E n is an unique non-trivial extension of S by N, it is easy to see 

tnat g mEn:S - 1. 

Set M = ®a n E n ® il L n a i E i . Since 

Hom A (®i^ n aiEi, ®a n E n ) = Hom A (®a n E n , ©i^a^) = 0, 
we obtain, by Lemma 5.1, 

(P(n)ffi(%-l)£»)®(e^«,B,) _ P(n)®(a n -l)E n]H ,p, x _ ,w ffi .mi 

= |Fom A (P(n),ffi^ n ai^)| 

Moreover, 

z P(n)e(a n -i)£; n )e(® i7 , n a 1J B l ,M,5 = Hom A (P(n) , ®i^ n aiEi) , 

Therefore Z ( p (n) g (aji _ 1)EW) (ei?4tiO .^ ))M)S has purity property. 
Case 2 : Q = D n ,n > 4. 

We only consider Ti in Fig 4.2.2. The other cases can be proved similarly. Let Ei,i = 1,2 
be simple objects in the full subcategory T\ of A — mod corresponding to the dimension vectors 
listed in Fig 4.2.2. 

Since 

dirrikExt 1 (Ei, S) = — ( dim Ej , dim S) = 1, 

we have 

dimkExt l (®mEi, S) = m. 
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Moreover, 

r 1 

h 

£ : — ► 5 
and 

" 1 

17 : — >S - 



1 



P(l) e P(n) L — ► J E x — ► 



-1 



P(2) © P(n + 1) — ► P 2 — ► 

are unique non-trivial extensions of S by E\ and P2, respectively. 

Based on the claim above, let M be a non-trivial extension of S 1 by ®mE 1 (J) ©rP 2, it is 
of the form P0(ffi(m — a)E% © ®(r — b)E2) for some 0<a<m,0<6<r, where P is a 
pre-projective. 

Obviously, the non-trivial extension of S by ®mE\ (resp.©rP2) has unique form P(l) © 
P{n) ffi(m - l)Pi (resp. P(2) © P(n + 1) ffi(r - 1)P 2 )- 
Since 

|Pxij v (©m£'i,5)p( 1 ) e p( n )0 e ( m _ 1 ) £ ; 1 | = |Pxt\(ffimP2, 5')p(2)©p(n+i)0e(m-i)£;2l = 9 m - 1) 

Z, _ |-Ext 1 (MAT) £ ||AMt(L) 
9MN — \Aut(M)\\Aut(N)\\Hom\(M,N)\ ' 

we obtain 

P(l)eP(n)©e(m-l)Bi _ P(2)®P(n+l)©e(m~l)P 2 _ i\ 
y®mE 1 ,S ~ y®mE 2 ,S ~ 1 W -v- 

Applying Lemma 5.1, we get 

ffi"E 1)El99rEj = (T-Hfl - DI^-A(P(1) © P(n), ©rP 2 )|, 

%SgSS) ( r 1)E 20er ' £l = <^ - mom A (P(2) © P(n + l),er^)|. 
Moreover ,by (A) and Lemma 16.13 in [KW], we have 

V(S, ©mP 2 ffirP i; P(l) © P(n) © (m - l)Pi ffirP 2 ), 
^(5, ©mP 2 ©rPi; P(2) © P(n + 1) © (m - 1)P 2 ffirP^ 

have purity property. 

Because of Pxt 1 (©mPi, ®mE\) = 0, we get 0^ m E 1 = ^§\m_®mE 1 - 
So, 

(p 3 |^ ffimEiX s )- 1 (P(l) © P(n) © (m - l)Pi) = pM^l^fil^Wffif™-!)^)-!. 
Thus, 

has purity property. 

We now consider the cases m/0,r/0. By (A) and Mayer- Vietoris sequence, we only may 
consider the case a = m,b = r. 

Consider the short exact sequence 

(5.3) — ► S — ► P — ► ffimPi ©rP 2 — ► 0. 

Applying Hom{@mEi 0©rP2> ) to (5.3) we have 
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— ► Hom{®mE 1 ffirP 2 , S) — ► Hom(@mEi ffirP 2 , P) 

— > Hom(emE 1 ^erE 2 ,emE 1 ^erE 2 ) — ► Ext 1 (®mE 1 ®rE 2 , S) 

— > Ext 1 (©mPi0 ®rE 2 ,P) — > Ext 1 (®mE 1 ($®rE 2 ,®mE 1 ($®rE 2 ) — >0 

Since 

Hom(emE 1 @ ©rP 2 , S) = Ham(®mE 1 @ ®rE 2 , P) = 0, 

we get 

m 2 + r 2 < m + r. 

Thus 

m = r = 1. 

We now have the short exact sequence 

(5.4) — ► S — > P — ► E x © E 2 — ► 0. 

If we also have the short exact sequence 

(5.5) — > S — > pMx — >0 

where X ¥ Pi © E 2 . 

Suppose P is indecomposable. Then by the projectivity of S, we obtain Hom(P, S) = 0. In 
addition, by End(P) = k, we have Hom(X, P) = 0. 
Applying Hom(,S) to (5.5), we have 

— ► Hom(X, S) — ► Hom(P, S) — ► Hom(S, S) 
— ► Ext\X, S) — ► Ext 1 {P, S) — ► Ext l (S, S) — > 

Thus 

Hom(X, S) = 0, Ext x {X, S) = k 2 . 
Applying Hom(X, ) to (5.5) again, we have 

— ► Hom(X, S) — ► Hom(X, P) — ► Hom(X, X) 
-A Ex0-(X,S) — ► Ext v {X,P) — ► Ext\X,X) — ► 

Because /* is injective, we get dirrikEnd(X) < 2. Thus X ^ Oe 1 S)E 2 - 
Suppose that P is decomposable. Since 

to dim P) = (5, dim S) = -2, 

we may assume that P = P\ © P 2 with Pi and P 2 are pre-projective indecomposable. For 
convenience, we may assume that n = 4. Let Yi,i = 1,2,4,5 be pre-projective indecomposables 
of dimension vector (01211), (10211), (11201), (11210), respectively. Then P = P(l) © Yi, or 
P ^ P(2) © y 2 , or P ^ P(4) © Y 4 , or P ^ P(5) © Y 5 . Without loss of generality, we set 
p = p(l)©y 1 . 

Consider 

(5.6) — ► S — > P — > Ex © E 2 — ► 0. 

Since 

dimHom{P{l),E 1 ) = (dimP(l), dimPi) = l,dimHom(P(l),E 2 ) = (dimP(l), dimP 2 ) =0, 
dimHom(Yi, Ei) = ( dim Y\ , dim E-\ ) = 0, dimHom{Y\, E 2 ) = ( dim Yi , dim E 2 ) = 1, 



CANONICAL BASES 



27 



(5.6) turns into the following form 

— > S — ► P(l) © Y l 



fi o 
h 



Pi ®Eo 



0. 



But dimlm(fi) < 2 < 3 = dimE\. This gives a contradiction. Thus P must be indecompos- 
able. 

We first point out that P is the extension of S by Pi © P 2 . In fact, P = M(x), and E x © P 2 = 





" 1 " 




' 1 " 




" " 




' " 


M(y), where X13 = 





,X 2 3 = 





,^43 = 


1 


,X53 = 


1 




1 














1 



;yi3 



1 





,2/23 



" " 








" " 


1 


,2/43 = 





,1/53 = 


1 



It is easy to see that is an epimorphism from P to 



1 -1 

1 -1 



E[ © P 2 , here /1 = / 5 = -1, / 2 = / 4 = 1, /a 
From the discussions above, we obtain 

^\o El ^O s r 1 (P) = V(S,E 1 ®E 2 ;P). 
Let X be the set of epimorphisms from P to Pi © P 2 . Then 

V(S, Pi © P 2 ; P) = XjAut{E x © P 2 ). 
Here the action of Aut A {E\ © P 2 ) on X is defined by 

hof = hf. 

Since 



Hom A (P, Pi © P 2 ) = = a,f 2 = b, h = ~a, h = -b, h 

End\(Ei © P 2 ) = {(hi)i\hi = c,h 2 = d, I14 = c,h 5 = d, h 3 = 
we have 



c 
d 



—a —a 
6 -b 

, c, d G A:}, 



, a, 6 G fc}, 



X = G Hom A {P,E 1 ®E 2 ),a^ 0,6 / 0}, 

Ant A (Pi © P 2 ) = e End A (E 1 © P 2 ), c / 0, d / 0}. 

-1 1 



1 -1 



,-1,-1), 



Then X/Aut{Ei®E 2 ) has only one point correspond to the orbit of (1, 1, 
that is, 

V(S,E 1 ©P 2 ;P) = {1 point }. 
Thus P3\o ElS)E , xOs" 1 ^ has P urit y Property. 
Case 3 : Q = Eq. 

We only consider T\ in Fig 4.2.3. Other cases can be proved similarly. Let P«,i = 1,2 be 
simple objects in the full subcategory T\ of A — mod corresponding to the dimension vectors 
listed in Fig 4.2.3. 

Since 

dimExt 1 (E 1 ,S) = -(dim Pi, dim S) = 1, and dimExt 1 (P 2 , S) = - (dim P 2 , dim S) = 2, 
we have 

dimExt 1 (©mPi, S) = m, dimExt 1 (©mP 2 , S) = 2m. 
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Let X and Y\ be indecomposable pre-projective modules of dimension vectors (0121010) and 
(0111000), respectively. 



Then 



S 



and 



Ci 



s 



i 



P(i) e P(5) © P(7) — 
► p 2 — ► o, 
p(6) e yj — ► p 2 



Pi 



1 



is a basis of Ext l (E\, S) and Ext 1 (E2, S), respectively, where /3 



1 



,/i = 0,»V3. 



Based on the claim above, we may assume that P(£)(ffi(m — a)Pi©©(r — 6)P 2 ) is a non-trivial 
extension of <S by ®mE\ © ©rE^ for some 0<a<m,0<6<r, where P is a preprojective. 

Up to isomorphism, (P(l) © P(5) © P(7)) ® (©(m — l)Pi) is the unique non-trivial extension 
of 5 by ®mE 1 . 

Since, 



we have 



P(l)©P(5)0P(7)©e(tn-l)JSi _ / i^fm-l) 



Using Lemma 5.1, we have 

Moreover, by (A) and Lemma 16.13 in |KWj . we get 

V(S, ®mE 1 ffirP 2 ; P(l) © P(5) © P(7) © (ro - l)Pi ffir£ 2 ) 



m 



have purity property. 

Because of E\ = r(p2) j we can reduce the problem of p^ 1 (P(l) © P(5) © P(7) © (r 
l)Pi ffir£y into the same problem of the pair {t~ 1 {S),t~ 1 {Ei)) . 

Since E 2 is non-sincere, we can also reduce the problem of Ext\(®mE2, S) into the same 
problem of Ext\,(@mE2, S), where A' is the path algebra of Dynkin quiver D± : 

6 



Fig.5.1 



We know that the AR— quiver of D4 is 



CANONICAL BASES 



29 



1 1 





^[ P(6)= 


= 1 V 
\ 


. 


— > P(2)= 




: 1 0— ^X = 

1 


2 1 — >Y 2 

1 


P(4)= 


• / 

1 1' 





11 1 

1 = P(3) — ^ P(2)= 10 — ^-X= 2 1 — >Y 2 = 11 — ^-S = 11 — ^ 
' 1 ^ 1 ^ ^ ~ 2 1 ^1 



1 

where P(3)=S. 





1 

1 " " 



Fig.5.2 

Let Y, iV be any A— modules, and let N\ = Sq, N 2 = S 2 , N3 = S4. We denote by Wat the set 
of maps to : S — > y such that either u; = or Hom\(N, Cokw) 7^ 0, and denote by Wt the set of 
maps w : S — ► Y which factor through P(t). Suppose Hom^(S,Y) = k n+1 , then the coordinate 
ring of Hom A (S, Y) is k[T , • • • , T n ]. 

The action of k* = Aut(S) on Hom A (S, Y) = k n+1 is defined by 

a o (w , ■ ■ ■ ,w n ) = (w a, ■ ■ ■ ,w n a). 

When Y = X, we have Hom\(S, X) = k 2 , and the coordinate ring of Hom^(S, X) is k[To, Tj . 
Let r^Vj be the defining relations of Wn,, then rjvi = ^i,rjv 2 = To, r N 3 = Tq — T\, that is, 
Wjv, = J2? (rAr,) for j = 1,2,3. 

Thanks to the Corollary on page 166 in [R3], we get 

Z^,5,X = (A 2 - U 3 j=1 J?(r Nj ))/k* =P 1 - {[1 : 0], [0 : 1], [1 : 1]}. 

Since 

dim^HomA^S, E2) = ( dim 5, dim E 2 ) = 1, 

we have 

fi O ra A (S,I0©(m-l)B 2 )=P +1 . 
For any ^ w £ Hom\(S, X ®(m — 1)^2), suppose 

Co/cw = aili ® aiYi © 02*2 © 03*3 © (m - i)E 2 © fciiVi © b 2 N 2 © 63^3- 
then we have 

0-1 + a 2 + 0,3 = i 
a 2 + a 3 + bi = i 
a 3 + ai+b 2 = i 
ai + a 2 + 63 = i. 

Then = bj, for all j, and bj = 0, Oj = if Hom\(Nj, Cokw) = for all j, that is, Cokw = 
(BmE 2 . From Fig.5.2, we, again, have = T\,r^ 2 = To,rjv 3 = To — Tj_. 
According to 7.2 in [R3| . we obtain 

(5.8) Z eroE2)5jX0e(TO _ 1)E2 = (A m +! - uJ =1 JSf(r^))/fc\ 

As to the triple modules (®mE 2 , S, P(6)ffiYi 0(m— 1)E 2 ), by comparing dimension vectors 
of middle term and both ends in exact sequence, similar to 5.7, we obtain that Ni is still the 
test module of a pair modules (P(6) © Y\ ©(to — 1)-Z? 2) S 1 )- 

So, we also have 

Z ffim^,5,P(6)®Yi©®(m-l)£; 2 = (A m+1 - \J j=1 3f(r Nj ))/k*. 

Thus 

ZemBa.S.X ®(m-l)£ a ' Z ®m_B 2 ,5,P(6)®yi ®(m-l)E 2 



(5.7) 
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have purity property. 

Now, from Fig.5.2, we have 

= Z X©(m-l)£ 2 ,©mE2,S U lJ i=l^'( r N i ) 

= {Hom(S,X($e(m-l)E 2 ) - {0})/k* = pdim k Hom{S,X<£®{m-l)E 2 )-l 
Similarly, 

P3\o @mEl xo/ 1 ^ 1 ) © p ( 5 ) © m) © (m - l)Pi) 

= P3 \r- 1 (P(l) © P(5) © P(7)) © ffi(m - 1)P 2 ) 
= P3 \(Yi © I2 © I3) © ©(m - 1)P 2 ) 

_ prfim_ffom(X,(yi®y2©y3)©®(m-l)S2)-l 

Thus the statement is true if m = or r = 0. 

We now assume that m / 0,r ^ 0. By (^4) and Mayer- Vietoris sequence, we also only need 
to consider the case a = m,b = r 
Consider the short exact sequence 

(5.9) — > S — > P ®mE 1 rE 2 — ► 0. 

Applying Hom{®mEi ©ffirP 2 , ) to (5.9), we obtain 

— > Hom{®mEi © ffirP 2 , S) — > Hom(®mE 1 © ®rE 2 , P) — ► Hom{®mEi © ®rE 2 , ®mE 1 © ©rP 2 ) 

-C Ext 1 (®mE 1 © ®rE 2 , S) — ► Ext 1 (®mE l © ©rP 2 , P) — ► Ext 1 {®mE 1 © ®rE 2 , S) — ► 

Because g* is an injective, we get m 2 + r 2 < to + 2r. Thus m = 1; r = 1, 2. 
When m = r = 1, we consider the short exact sequence 

(5.10) — ► S — > P — > Ei © E 2 — ► 0. 

Since (5, dim S) = {5, dim S) = —3, P is an indecomposable object, or the sum of two ( or 
three) indecomposable objects. 

Suppose that P = P\ ®P 2 ffii-3 with Pj to be indecomposable for i = 1, 2, 3. By the ^4P— quiver 
of £"6, we have 

P P(l)ffir- 1 (^(l))©^ 2 (^(l)), or P(5)©r- 1 (P(5))©r- 2 (P(5)), or P(7)®t-\P(7))®t- 2 (P(7)). 

Without loss of generality, we may assume that P = P(l) ©t _1 (P(1)) ©r _2 (P(l)). Because 
there is not epimorphism from r _1 (P(l)) to E 2 , by Hom(P(l) ® r~ 2 (P(l)), E 2 ) = 0, there is 
not exact sequence 

0^S^ P(l) © r _1 (Pi) © r" 2 (Pi) — ► Pi © P 2 — ► 

Suppose that P is an indecomposable extension of 5 by Pi © E 2 . Let I be a module in 
Oe 1 ®e 2 \ @e 1 (be 2 1 an d we have the following the short exact sequence 

(5.11) — >S — >P — >X — >0. 

Applying Hom( ,S) (resp. Hom(X, )) to (5.11), we have 

— ► Hom(X, S) — ► Hom(P, S) — ► Hom(S, S) 
— ► Ext l {X, S) — ► Ext 1 {P, S) — ► Ext l {S, S) — > 

and 

— ► Hom(X, S) — ► Hom(X, P) — ► Hom(X, X) 
— ► Ext v {X, S) — ► Ext l (X, P) — ► Ext v {X, X) — ► 0. 
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Now, it follows from Hom(P, S) = and Hom(X, P) = that 

Hom(X, S) = 0, Ext(X, S) =k 3 , dimEnd(X) < 3. 

According to the assumption on X, we obtain dimEnd(X) = 3. 

If X = Xi © X 2 and Xi G 71, i = 1, 2, then we have X = Pi © P 2 , a contradiction. 

If X ^ Xi © X 2 and Xi G P prep X 2 G 71 (resp. Xi GG 71 ,X 2 G V pr ei), by Proposition 4.1.2, 
then Ei © P 2 is an extension X\ by X 2 . This result contradicts to the theory of representations 
of tame quivers. 

If X = X 1 © X 2 and X x G P prep ,X 2 G Vprei- Then dimHom(X 1 ,X 2 ) = 1. Suppose Xi = 
T~ a P(j), then we have 

1 = dimHom(T- a P(j),X 2 ) = dimHom(P(j),T a X 2 ). 

It implies that X x = r~ a P(2), r~ a P(4), or , r~ a P(6). According to the AR-quiver of P 6 , we 
have a = 2 and X 2 = 7(2), 7(4), or 1(6). 

If X = Xi © X 2 © X3, we have Hom(Xi, Xj) = fore all i 7^ j. Suppose that there is one 
regular term in Xj, i =, 1, 2, 3, and the other two terms are pre-projective or pre-injective, then, 
similar to the above discussions, we get X ^ Oe 1 ®e 2 - Suppose X3 (resp. Xi) is pre-injective 
(resp. pre-projective), and the other two terms are pre-projective (resp. pre-injective). By 
X G Oe 1 (£>e 2 an d dimEnd(X) = 3, dimEnd(Ei © E 2 ) = 2, we have 

(5.12) — >XiffiX 2 — >E 1 ®E 2 — >X 3 — >0. 

Applying Hom( , X3) to (5.12), we obtain 

— ► 77om(X 3 , X 3 ) — ► Hom(E l © E 2 , X 3 ) — ► Hom(X 1 © X 2 , X 3 ) 
— ► Px^Xg, X 3 ) — ► Pxt x (Pi © P 2 , A 3 ) — ► tfa^pfi © X 2 , X 3 ) — ► 0. 

Because of Hom(Xi © X 2 , X3) = 0, we can deduce dimHom(Ei © E 2 , X3) = 1. 

Applying Hom(E 1 ®E 2 , ) to (5.12), we also obtain dimHom(Ei® E 2 , X 3 ) > 2 by Hom(E 1 © 
P 2 , Xi © X 2 ) = 0. This gives a contradiction. 

Let Xi (resp. X 2 ,X3) be the pre-projective (resp. regular, pre-injective) indecomposable 
module so that X 2 = E 1 or X 2 = E 2 . Suppose X 2 = E 1 , then it follows from (5.12) that 

— ► Xi — >E 2 — > X 3 — > 0. 

Thus Xi 7- _1 P(l), or Xi ^ t _1 P(5), or X x t -1 P(7). 
Suppose X 2 = E 2 , then it follows from (5.12) that 

— > X 1 — >E X — ► X 3 — ► 0. 

Thus X 3 7(1), or X 3 9* 7(5), or X 3 7(7). 
We, thus, only need to consider (7) and (77). 

(7) X ^ Xi © X 2 , Xi G V P rep, X 2 G P prei , and 77om(Xi, X 2 ) = 1. Then, X 7(2) © r~ 2 P(2) 
( resp. 7(4) © r~ 2 P(4), 7(6) © r- 2 P(6)). 
Fix an exact sequence as follows 

— ► P(l) P r~ 2 P(2) — ► 0. 

Since 

dimHom(P(l),I(2)) = dimHom(S, P(l)) = 1, 

we choose iio G Hom(S, P(l)) (resp. vo G Hom(P(l), 7(2))) such that {iio} (resp. {vo}) is the 
basis of flom(S, P(l)) (resp. 77om(P(l), 7(2))). 
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For any (u,v) £ W(S, P(l); 1(2)), we have following commutative diagram 








S 



pu 



P(l) 

p i 
p 



1(2) 

I 

Cok(pu) — ► 0. 



Based on the Snake Lemma , we get Cok(pu) = 7(2)er 2 P(2). Thus (pu,wn) £ W(SJ(2)® 
t- 2 P(2);P) by Hom(I(2),P) = 0. 

Conversely, let (f,g) £ W(S,I(2) © r~ 2 P(2);P), by the projectivity of P(l), there exists 
morphisms u = auo,p' = bp such that we also have the commutative diagram 











P(l) ^ 
P'i 
P 



1(2) 
1 

t 

U 1(2) © t~ 2 P(2) — ► 0. 



Thus (6u,6 _1 «o) G W(S,I(2);P(1)). We deduce that 

F(S, 7(2) © r- 2 P(2); P) = V(S, 1(2); P(l)) = {1 point }. 

(//) X X 1 © X 2 © X 3 , X 1 £ Vprep, X 2 £ Vregular, X 3 £ V pr ei, and Hom(X h Xj) = 0, i± j. 

Thus, X r- 1 P(l) © Pi © tI(1) ( resp. r- 1 P(5) © Pi © tI(5),t' 1 P(7) © P x © r/(7)) or 
X r~ 2 P(l) © P 2 © 7(1) (resp. X r~ 2 P(5) © P 2 © 7(5), X r" 2 P(7) © P 2 © 7(7)). 
Since 

Hom(P,T~ 1 P(l)) = Hom(P,T^ 1 P(5)) = Hom(P, r _1 P(7)) = 



and 



Pxt 1 (7(l), 5) = Pa;t 1 (7(5), 5) = Ext\l(7), S) = 0, 



there is not exact sequence of form (5.11). 
From the discussions above, we obtain 

P3\o El(BE2 xO s 

= V(S, Pi P 2 ; P) L)V(S, 1(2) © r" 2 P(2); P) 
U F(S, r- 2 P(4) © 7(4); P) U F(5, r" 2 P(6) © 7(6); P). 

We first point out that P is the extension of S by E x © P 2 . In fact, P = M(x), and Pi © P 2 
M(y), where xi 2 



X63 



2/63 



1 

1 1 
1 1 

1 

1 
1 
1 



,X76 



-2/76 









" l 





" 












1 


,^23 = 





1 
















" 






" 1 




1 


;yi2 










' 


" 










1 







" " 




X43 = 










1 






_ 


1 _ 










" 1 


" 




" 


" 


2/23 = 








,2/43 = 


1 










1 







1 



,2/54 



1 





1 





It is easy to see that (/j), is an epimorphism from P to Pi © P 2 , 
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where f l = l,f 2 



1 1 
1 



10 10 
1 1 
1-10 



/l 



1 1 

-1 



/5 = 1, 



ft 



1 2 
-1 

Let X be the set of epimorphisms from P to E% ® E 2 . Then 



,/7 = 2. 



V(S, Eh © E 2 ; P) = X/Aut(E t © E 2 ) 
Here the action of Aut\{Ei © ^2) on J is defined by 

hof = hf. 

Since 
Hom A (P,E 1 ®E 2 ) 



ft 



{(fi)i\fi = a,f 2 -- 

a a + 61 
-62 



61 a 
b 2 



■ / 3 



61 a 
a 61 
b 2 -b 2 



a 61 
-62 



,/5 = h, 



J 7 = a + bi; a, 61, 6 2 G A;}, 



c 
d 



Then we have 



c 
d 



,h 3 

, hj = c; c, d £ k}}, 



c 
c 
d 



c 
d 



,h 5 = c, 



X = {(fi)i\(fi)i G Hom A (P, Ex © £2), a / 0, h £ 0,b 2 / 0, a + 61 / 0}, 
Aut A (E\ © E 2 ) = {QH)i\(hi)i e Pnd A (Pi © E 2 ), c ^ 0, d / 0}. 



Hence X/Aut{E\ © £2) have points corresponds to orbits of (/1 = 1, f 2 



61/0 1 
1 



61/a 1 

10 61/a 

1 -10 
fj = l + 61/a); 61/a / 0, 1, that is, 



,/4 



1 61/a 
-1 



,/ 5 = 6i/a,/ 6 



1 1 + 61/a 
-1 



V(S, E x © E 2 ; P)=A 1 \ {2 point }. 

By Lemma 16.13 in fKWj, we have V(S, E\ © E 2 ; P) has purity property. 
Thereby p 3 \ o El(BE2 xO s ~ has P urit y Property. 

Suppose that P = Pi © P 2 with Pj is indecomposable for z = 1,2. By the AR— quiver of Eq, 
we have 

P^P(1)© T - 2 (P(2)), or P(5) ffir- 2 (P(4)), or P(7) © r- 2 (P(6)); 
P^T- 2 P(l)ffir- 1 (P(2)), or r- 2 P(5) ©r- 1 (P(4)), or r~ 2 P(7) © r- 1 (P(6)). 

Without loss of generality, we assume that P = P(l) © t~ 2 (P(2)). We claim that P is the 
nonzero extension of S hy E\ ® E 2 . 
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' 1 " 




' 


" 


Let X12 = 0, x 23 = 


1 




1 







1 







1 



,^54 



1 





1 


1 



. We 



then have r" 2 (P(2)) = M{x). 

It is easy to see that / = (fi)i (resp. # = ) is the epimorphism from r _2 (P(2)) © -P(l) 

10 



(resp.r- 2 (P(2)) to E l ®E 2 (resp.£ 2 ),where /i = 1, / 2 



1 
1 1 



j /3 



10 1 
1-10 



,/4 



1 
-1 

1 Ol,0 B 



f5 — 1, /6 
0,^6 = 



1 

1 



,/ 7 = 1 (resp. = 0,tf 2 = 2,^ = [ 1 1 ] ,0 4 
[ 1 ] , i?7 = 0.) So we get that / is the epimorphism from P(l) 



t^ 1 (P(2)) to Ei © E 2 . The claim is proven. 

Suppose that there is X with E\ © £2 ^ X and X G Oex®e 2 such that there is the short 
exact sequence 

(5.13) — >S — ► P(\)@t' 2 (P(2)) — >X — >0. 

If Hom(X,P(l) © r~ 2 (P(2))) = 0, then we have dimEnd(X) = 3. Similar to the case of the 
indecomposable P , we deduce that there does not exist X such that (5.13) holds. 

Let now Hom(X, P(l) © t~ 2 (P(2))) 7^ 0. There is an indecomposable summand T~ a P(j) of 
X such that Hom{T- a P{j), P(l) © r- 2 (P(2))) ^ 0. Set Xi = T~ a P(j) and X = X l © X 2 . 

If Xi = P(l), by Hom(P(l),X 2 ) = , we have 







S — r~ 2 (P(2)) — > X 2 



0, 



and 



P3b Jf9XO r 1 (^ 2 ( p ( 2 )))=^b, {1)0jC2 xa s - 1 (^(l)©^ 2 (^(2))) 



If Xi ^ P(l), Xi must be non-projective. According to the AR— quiver of Eq, we have 
Xi = T- a P(j); j = 1, 2, 3, 4, 5, 6, 7; a = 1, 2. 

Suppose a / 2, j ^ 2. For any / G Hom(P(l),T~ a P(j)), we know that / is not an epimor- 
phism. Thus a = 2, j = 2, and dimX 2 = dim 1(2). Because of Ext l (I(l), S) = 0, it follows from 
(5.13) that X 2 = 1(2), that is, we get the following short exact sequence 

— ► S — ► P(l) © r~ 2 P(2) — ► 1(2) © r~ 2 (P(2)) — ► 0. 
From the discussions above, we obtain 

= V(S, E x © P 2 ; P(l) © r~ 2 P(2)) U V(S, 1(2) © r- 2 P(2); P(l) © r" 2 P(2)) 

where LJ denote the disjoint union. 
Obviously, 

V(S, 1(2) © t~ 2 P(2); P(l) © r" 2 P(2)) = {1 point }. 

Moreover, 

Psfe _1 (^(1)©^ 2 (^(2))) 

has purity property by [L4j . 
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Let Z12 







" 1 


" 




" 


" 






" 




1 







1 







" 1 


1 _ 


,^23 = 


1 





,243 = 





1 


,2 5 4 = 












1 















,2 6 3 



1 



1 





276 



. Then r~ 2 P(2) © P(l) M{z). 
Since 

Hom A (T- 2 P(2) © P(l), Eh. © E 2 ) 



{{fi)i\h = a,h 



h a 
b 2 



, /3 



h a 
h -bi 
b 2 



,/4 



-&i 
6 2 



,/5 = -h, 



k 



h o 

b 2 



,f 7 = h;a,h,b 2 G fc}, 

Let X be the set of epimorphisms from r~ 2 P(2) © -P(l) to £1 © E 2 . Then we have 
X = {(fi)i\(fi)i E Hom A (P, Ex © £ 2 ), a ^ 0, h ^ 0, b 2 £ 0}. 



Hence X/ Aut{E\ © E 2 ) have points correspond to orbits of (/i = 1, f 2 



h/a 1 



1 







h/a 1 

h/a -h/a 
1 _ 

/7 = i»i/a);f)i/a/0,, that is, 



,J4 



-h/a 
1 



,fa = -h/a,f 6 



h/a 
1 



V(S, E x © E 2 ; P) = A 1 \ {1 point }. 

By Lemma 16.13 in [KW], we have V(S, E\ © E 2 ; P) has purity property. 
Thus P^Oe^xOs' 1 ^ 1 *) © T_2p ( 2 )) has P urit y Property. 

When m = 1, r = 2, let P be the extension of 5 by Ei ffi2p2- Since (J, dim P) = (5, dim S) 
-3, we can deduce that P has 3 indecomposable direct summands at most. 
If P is also the extension of S by X with X G O^^^^^O^^^^, that is, 



(5.14) — >S — >P — >X — >0. 

Applying Hom( ,S) and Hom(X, ) to (5.14), we get dimEnd(X) < 5 + dimH om(X , P) . 

Suppose P is an indecomposable. It follows from Hom(X, P) = that dimEnd(X) < 5. But 
dimEnd(E\ 0©2P 2 ) = 5, so there does not exist X G Oe 1 ® 2 e 2 \®e 1 0e2£ 2 sucn that (5.14) 
holds. Then, similar to m = r = 1 case, 

has purity property. 

Suppose that P can be decomposed into two indecomposable objects, say, P = Pi © P 2 such 
that 

P 9* r- 1 P(l) © r- 3 P(2) or r- 1 P(5) © r" 3 P(4) or r- 1 P(7) © t~ 3 P(6) 
P 9* T - 2 P{2) © t~ 3 P(1) or t~ 2 P(4) © r" 3 P(5) or r -1 P(6) © t~ 3 P(7). 

Without loss generality, we assume that P = r _1 P(l) © t~ 3 P(2). 

If Hom(X,P) = 0, it follows from dimEnd(X) < 5 that X g' O^^^Ea- 
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If Hom(X,P) / 0, similar to the case of m = r = 1, we get X = r _1 P(l) © X 2 and 
Hom(X 2 , P) = or X X 1 © r~ 3 P(2). 

When X^X 1 ® r~ 3 P(2), we have X 1 = r/(5) © r/(7) and 

r- 1 P(l) _ r- 1 P(l)®r- 3 P(2) _ 1 

f T /(5)er/(7),5 ~ f T /(5) er /(7)0 r -3p( 2 ) ) 5 ~ x - 

That is, 

F(S, r/(5) © r/(7) t~ 3 P(2); r^P^) © r~ 3 P(2)) = {1 point }. 

When X 9* r~ 1 P(l) © X 2 . We then have dimEnd(X) = 5 + dimHom(X,P) = 6. Thus A 2 
must be decomposable, and dimEnd(X 2 ) = 4. 

Suppose A2 = X 2 \ ©^22 and X 2 \ G V prep ,X 22 G P pre j. It follows from dimEnd{X 2 ) = 4 that 
dimEnd(X 22 ) + dim Horn (X 2 \, X 22 ) < 3. 

On the other hand, by Proposition 4.1.2, we have 

— ► T~ 1 P(1) © X 2 l — ► E 1 ©2P 2 — ► ^22 — ► 0. 

Applying Hom( ,X 22 ) (resp. Hom(E\ ©2P2, )) to the exact sequence above, we get 
dimHom A {E 1 ($®2E 2 ,X 22 ) < 4 (resp. dimHom{E 1 ($@2E 2 ,X 22 ) > 5) by #0771(1-^(1), X 2 ) = 
fc (resp. Hom(E 1 ©2E 2 , r" 1 P(l) © X 2 i) = 0). 

It implies that X 2 contains a summand X' 2 with X' 2 G ^1- 

Assume that A2 = Pi + X' 2 , then there does not exist any pre-projective direct summand M 
of X' 2 such that Hom(M, P) = and 3/ G Hom(P, M) with / to be an epimorphism by the 
AR— quiver of Eq. 

If X' 2 does not contain a summand of regular module. It follows from Proposition 4.1.2 that 

— ► t _1 P(1) — ► ©2P 2 — > X' 2 — ► 0. 

Applying ffom(, ©2P 2 ), we get 4 = dimEnd(@2E 2 ) <2 = dimHom(T~ 1 P(l), ©2P 2 ). There- 
fore, X t" 1 P(1) © Pi © P 2 © r/(l). 

Assume that A2 = E 2 + X' 2 . When X 2 contains a pre-projective summand M such that 
Hom(M, P) = and 3/ G Hom(P, M) with / to be an epimorphism, we can deduce M = 
t~ 3 P(1) by the AR- quiver of P 6 . Thus A" t -1 .P(1) © P 2 © r~ 3 P(l) © 7(5) © 7(7) and 
dimEnd(X) > 7, which gives a contradiction. 

When Ag has only pre-injective summands, we get 

— ► t _1 P(1) — >E 1 ®E 2 — > X' 2 — >0. 

Applying Hom( , E\@E 2 ) to the exact sequence above, we get a contradiction 2 = dimEnd{Ei® 
P 2 ) < 1 = dimHam^P^Eh © E 2 ). 

From the discussions above, we get X = r~ X P(1) © E 1 © E 2 © r/(l). 
Thus 

P3b Eieffi2B2 xO s " 1 (^ 1 n i )©^( 2 )) = m^ie©2P 2 ;r- 1 P(l)ffiT- 3 P(2)) 

UF(5,r/(5) ffir/(7);r- 1 P(l)U(p 3 b BieffiE2x0p{2) )- 1 (^ 3 P(2)). 

By m = r = 1, we deduce that (P3|q b ffiB xC , p(2) ) _1 (r _3 P(2)) has purity property. Thus 

P3b Eieffi2E2 xO s " 1 ( r_lp ( 1 ) © r_3p ( 2 )) has also the P urit y Property. 

Suppose P = Pi © P 2 © Pi- Without loss of generality, let P = r _1 P(l) © r - 2 P(1)t _ 3 P(1). 
Because S\ is a summand of top(Ei/Im(f)) for any / G Hom(Pi © P2 © P3, Pi), we obtain that 
Pi © P2 © P3 is not an extension of S by Pi ©2P2. The proof for Case 3 is complete. 
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Case 4:Q = E 7 . 

We only consider T2 in Fig 4.2.4. The other cases can be proved similarly. Let E[, i = 1,2, 3, 
be simple objects in the full subcategory T2 of A — mod corresponding to dimension vectors 
listed in Fig 4.2.4. 

Since 

dim k Ext 1 (E[,S) = dim k Ext x (E' 2 , S) = 1, dmifcPxt 1 ^, ,5) = 2, 

we have 

dirrikExt 1 (®mE[, S) = dim k Ext l (®mE 2 , S) = m,dim k Ext 1 {®mE' z ,S) = 2m. 
In addition, we have 



S 



p(i) e p(7) e P(8) — > e[ — ► 0, 



P(2) © P(6) 



E' 2 



be a basis of Ext 1 (E[, S) and Ext 1 (E 2 , S), respectively. 

Obviously, P(1)©P(7)©P(8) ®{m-l)E[ (resp. P(2)©P(6) ®{m-l)E' 2 ) is a non-trivial 
extension of S by ®mE' l (resp. ®mE 2 ). 



Based on the claim above, we may assume that P 0(ffi(m — a)E[ ffi©(p — b)E' 2 < 



(r — c)E'n) is 



a non-trivial extension of S by ©mPj © ®pE 2 © ffirPg, for some a, 6, c, where P is pre-projective. 

Up to isomorphism, (P(l) © P(7) © P(8)) ffi(m - (resp. P(2) P(6) ©(m - l)E' 2 ) 
is the unique non-trivial extension of S by (BmE[ (resp. ®mE' 2 ). 

Since 

we deduce they have purity property. 

Because E' 3 is non-sincere, we can reduce the study of Ext\(®mE' 3 , S) to the study of 
Ext\,(®mE' 3 , S), where A' is the path algebra of Dynkin quiver D4 determined by vertexes 
3,4,5 and 8. 

By case 3, we get 

K,^ 1 ®e( m -i)4 = (A m+1 - U 3 j=1 &(r Nj ))/k*, 

BmE^,5,(P(8)eYi)©e(m-l)^ = (A m+1 - U 3 j=1 ^(r Nj ))/k*, 

' P^\0 &mEkx o s {Xi@®{m-\)E^ 

pdim k Hom(S,X 1 ($®(m-l)E' 3 )-l 

P3 1 |^e m ^xO s (P(8) © il0©(m - 1)E> 3 ) 

__ pdim fc /fom(5 ) P(8)eVi ©®(m-l)4)-l 

v 

Thusp- 1 |O em ^ xOs (X 1 0ffi(m-l)P^))andp 3 1 |O ffim ^ xO5 (P(8)ffiyi0ffi(m-l)P0have 
purity property 

Similarly, the statement is true if / 0, r = or pr / 0, m = or rm / 0,p = 0. 
We now assume that mpr / 0. Because of (A) and Mayer- Vietoris sequence, we only need to 
consider a = m,b = p,c = r. 



and 
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Consider the short exact sequence 

(5.15) — >S — >P — ► @mE[ © @pE' 2 © @rE' z — ► 0. 

Applying H(®mE' 1 @®pE' 2 @®rE! i , ),i = 1,2,3 to (5.15), we get 

m 2 + p 2 + r 2 < m + p + 2r. 

Thus m = p = 1,1 < r < 2. 
When m = p = r = 1. 
Consider the short exact sequence 

o — > s — > p — ► e[ © e' 2 © e' 3 — > o. 

Because (<5, dim P) = —4, we know that P contains 4 indecomposable objects at most. 
Suppose that P is indecomposable. Let A G Cbj©b^©e^ such that P is an extension of S by 
A. Thus we have the following exact sequence 

(5.16) — > S — > P — > X — ► 0. 

Applying Hom( , S) (resp. Hom(X, )) to (5.16), we get from Hom(P, S) = and Hom(X, P) = 
that 

Hom(X, S) = 0, Ext 1 (X, S) = k 4 , dimEnd(X) = 4. 

If X = Ai © A 2 with Aj indecomposable for all i = 1,2, we have Ai G V pre p, X 2 G P pr ei and 
Hom(X 1 ,X 2 ) = 2. Thus A x r- 3 P(3) or r~ 3 P(5), and A ^ r- 3 P(3)ffi/(3) or r- 3 P(5)ffi/(5). 
Without loss of generality, we may assume that A = r~ 3 P(3) © 1(3). 
Fix one exact sequence 

— ► P(l) — > P — ► r~ 3 P(3) — ► 0. 

Because dimHom(P(l), 1(3)) = l,dimHom(S, P(l)) = 1, in the same way as (I) in case 3, 
we get 

V(S, r- 3 P(3) © 1(3); P) ^ V(S, 1(3); P(l)) = {1 point }. 

If A = X\ © X 2 © A3 with Aj indecomposable for all i = 1,2, 3. Assume that there is not 
regular module in Aj. Without loss of generality, let X±,X 2 G V prep and A3 G V pre i- Because of 
Proposition 4.1.2 and dimEnd(X) = 4, we have 

— > Ai © A 2 — ► Pj © P 2 © E' 3 — > A 3 — ► 0. 

Applying Hom( , A3) (resp. Hom(E[ © P 2 © E' 3 , )) to the sequence above, we get 

dim k Hom A (E' 1 © P 2 © E' 3 ,X 3 ) < 2, 
dim k Hom A (E' 1 © P 2 © P 3 , A 3 ) > 3. 

This give a contradiction. Thus X\ G Vprep-, X 2 G 7^, A3 G Vprei- 

When A 2 = P(. Because of Hom(X,P) = 0, it follows from the AP-quiver of E 7 that 
Xi r~ 5 P(l) or Ai 9* t- 5 P(7). Thus 

X r~ 5 P(l) © P[ © r 2 /(l) or A ^ r~ 5 P(7) © P[ © r 2 /(7). 

By Pnd(r" 5 P(l)ffiPi©r 2 /(l)) = End(r- 5 P(7)® E[ ffir 2 /(7)) = /c 3 , This give contradiction. 
When A 2 = P 2 . We get that X 1 is isomorphic to r~ 3 P(8) or r _i P(j) for i = 3, 4, 5, 7; j = 1, 7. 
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Suppose Xi = t~ 3 P(8), and if P is the extension of S by r _3 P(8) © E' 2 © 7(8). Since 
dim,kHom\(P,T~ 3 P(8)) = dirrikHom^P, E' 2 ) = 1, dimkHom^(P, 7(8) = 2, 



Arf A (Pl ©P 2 ©P 3 ) = { 



a 
6 
0c 



|a € Aut(E[), b £ Aut(E' 2 ),c £ Aut(E' 3 )} 



we get 

V(S,t- 3 P{8) ®E' 2 ©7(8);P) =A 1 \V r o,|V | < oo, or V(5, t~ 3 P(8) © P 2 © 7(8); P) = 0. 

Suppose Xi = r~ 3 P(l) or X\ = r~ 3 P(7) , then we know that X has 4 indecomposable 
summands at least. 

Suppose Xi 9* r~ 4 P(l) or Xi 9* r~ 4 P(7), then we have End(X) = 3. 

Suppose Xi = r~ 5 P(l) or Xi = r~ 5 P(7), then P has the direct summands 7(1) or 7(7). 

Suppose Xi 9* r~ 7 P(l) or Xi ^ r~ 7 P(7), we then have X ^ r~ 7 P(l) © P 2 © 7(1) or X ^ 
t- 7 P(7) © P 2 © 7(7). Since Ext\(I(l), S) = Ext\(I(7), S) = 0, we have P to be decomposable. 

Therefore, P is only possibly the extension of S by r _3 P(8) © E' 2 © 7(8) in this case. 

When X 2 ^E' 3 . We get 

X r- 3 P(2) © P 3 © 7(2), or r~ 3 P(l) © E' 3 © r 4 7(l), or r~ 6 P(l) © P 3 © r7(l), 
X r- 3 P(6) © P 3 © 7(6), or r- 3 P(7) © E' 3 © r 4 7(7), or T - 6 P(7) © P 3 © r7(7). 

Suppose X T" 3 P(2) © E' 3 © 7(2), or r-' 3 P(6) © E' 3 © 7(6). 

Because of Ext 1 (I(2), S)) = Ext 1 (I(6), S)) = 0, then 7(2) or 7(6) is the direct summands of 

P. 

Suppose 

X r~ 3 P(l) © E' 3 © r 4 7(l), or r~ 3 P(7) © P 3 © r 4 7(7), 
then we get End(X) = 3. 
Suppose 

X r~ 6 P(l) © P 3 © r7(l), or r~ 6 P(7) © E' 3 © r7(7). 

It follows from Pxt 1 (r7(l), S) = Ext 1 (rl(7), 5) = that P is a decomposable. 
Thus P is also not an extension of S by X\ © P 3 © X3 . 

If X = X\ © X2 © X3 © X4 with Xj indecomposable for all i = 1,2, 3,4, then we have that 
{X4, X3, X2, Xi} is an orthogonal exceptional sequence. Thus <£(X 4 , X 3 , X 2 , X\) is isomorphic 
to kA 3 — mod. Because of X G Cej©^©^ an d dimEnd(X) = 4, we see that {Xi, X 2 , X 3 , X4} 
are simple objects in £(X 4 , X 3 , X 2 , X x ) ,and X x 9* t~ 3 P(7),X 2 P 2 ,X 3 ^ P 3 ,X 4 ^ 7(7) or 
Xi ^ t~ 3 P(1),X 2 ^ P 2 ,X 3 ^ P 3 ,X 4 ^ 7(1). Therefore P must be decomposable. This also 
give a contradiction. 

From above, we get 

= V(S, E[ © E' 2 © P 3 ; P) U V(S, r" 3 P(3) © 7(3); P) 

U F(5, t~ 3 P(5) © 7(5); P) U F(S, r~ 3 P(8) © E' 2 © 7(8); P). 

Since 

F(S, Pi © P 2 © P 3 ; P) = A 1 \ V , \V \ < 00, 

we deduce that (pz\q i f / xCs ) _1 (P) has purity property. 

Suppose P = Pi © P 2 with P, indecomposable. Without loss of generality, we assume that 
P p( 7 ) © r -3p(5). 
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Let X G Ogi^E^E's \ Oe[®e' 2 ®e' 3 such that P(7) © r~ 3 P(5) is an extension of S by X. 

If Hom(X, P(7) ffir _3 P(5)) = 0, similar to the case of P indecomposable, we can deduce that 
P(7) © r -3 P(5) is not an extension of S by X. 

If Hom(X, P(7) © t~ 3 P(5)) / 0, we then get X ^ P(7) © X 2 or X ^ r~ 3 P(5) © 1(5) by the 
AP— quiver of P7. 

When X P(7) © X 2 , it is easy to see that V(S, X; P(7) © t" 3 P(5)) = V(S, X 2 ; r" 3 P(5)). 
When X 9* t~ 3 P(5) © J(5),we get V(S, X; P(7) © r" 3 P(5)) = V(5,/(5);P(7)) = {1 point }. 
Thus 

feb £ , ffi£ , ei3 ,xa s )- 1 (P(7)ffir- 3 P(5)) 

=V(5>J ©P 2 ffiP 3 ;P(7)ffiT- 3 P(5)) U [x^feb^xo,)- 1 ^-^)) U V(S,/(5);P(7)). 

By |L4j . we know that (P3\@ x x o s ) _1 ( r ~ 3 ^ 5 (^)) nas P ur ity property. Since 
V(S, E[®E' 2 ® E' 3 , P(7) © t~ 3 P(5)) = A 1 \ V , \V Q \ < 00, 

we can deduce that (p3\q x0 ) (P(7) © r~ 3 P(5)) has purity property. 

Suppose that P = Pi © P 2 © P3 with Pj indecomposable for all z = 1,2,3. Without loss of 
generality, we assume that P = P(7) © r" 1 P(7) © r~ 3 P(6). 

Let X G 0_E'®_E'e-B' \ @ E' ®E' ®E' such that P(7) © t~ 1 P(7) © r~ 3 P(6) is an extension of S 
hyX. 

If Hom(X, P(7) © r~ 1 P(7) © t~ 3 P(6)) = 0, similar to the case of P indecomposable, we can 
deduce that P(7) © r _1 P(7) © r~ 3 P(6) is not an extension of S by X. 

If Hom(X, P(7) © r -1 P(7) © r~ 3 P(6)) 7^ 0, we then know that X contains a direct summand 
P(7), or t~ 1 P{7), or r" 2 (P(7)), or r~ 2 (P(6)), or t~ 3 (P(6)). 

When X = t~ 2 (P(7)) © X 2 with X 2 indecomposable, we have 

Pom(r- 2 (P(7)),X 2 ) = Hom((P(7)), r 2 X 2 ) = 0. 

Thus dimEnd(X) = 2, this give a contradiction. 

When X = t _2 (P(7)) © X 2 © X 3 with X 2 ,X 3 to be indecomposable modules, we then have 

x 2 e T 2 . 

Suppose X r~ 2 (P(7)) © E[ © X 3 . Then End(X) = 3, it forces r~ 2 (P(7)) © E[ © X 3 <£ 

Oe[@e' 2 ®e' 3 \ Oe[®e' 2 ®e 3 - 

Supposed ^r- 2 (P(7))©P 2 ©X 3 (resp. X ^ t~ 2 {P{7))@ E' 3 @ X 3 .) Then 7(1) (resp. rJ(7)) 
is a direct summands of X 3 . It implies 1(1) (resp. tI{7)) to be a direct summands of P. This 
also contradicts to the assumption. 

Similarly, we may show that P is not a extension of S by X if t~ 1 P{7) or r _2 P(6) or t _3 P(6) 
is a direct summands of X. 

Since 

1/(5,P; © E' 2 © P 3 ;P! © P 2 © P 3 ) = AVq, I Vb| < 00, 

we get 

^0 ElmE , mE , xO^-^Pi © P2 © Ps) = m Pi © P 2 © E> 3 ; P 1 © P 2 © P 3 ) 
has purity property. 

Suppose P = Pi © P 2 © P 3 © P 4 with P indecomposable for all i = 1, 2, 3, 4. Without loss of 
generality, we may assume that P = P(7) © t _1 P(7) © t~ 2 P(7) © r~ 3 P(7). 
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Because Hom(P(7) © t~ 1 P(7) © r _3 P(7), E 2 ) = and there is not an epimorphism from 
t- 2 P(7) to E' 2 , it implies that P{7) © t~ 1 P(7) © r~ 2 P(7) © t" 3 P(7) is not an extension of S 
by E[® E' 2 ® E' 3 . 

When m = p = 1, r = 2, let P be the extension of <S by E[ © P 2 © 2P 3 . Because of (<5, dim S) = 
(6, dim P) = —4, we can deduce that P has 4 indecomposable direct summands at most. 

Assume that P is also the extension of S by A with X G 0_B(©^e2^ \ C.e(©.e 2 ©2.e£- Then 
there is an exact sequence 

(5.17) — >S — >P — >X — >0. 

Because of Hom(P, S) = 0, we deduce that Hom(X, S) = 0, Ext 1 (X, S) = k & . Applying 
Hom(X, ) to (5.17), we get dimEnd(X) < 6 + diraH om(X , P) . 

Suppose P is an indecomposable. We then have dimEnd(X) < 6. Thus X ^ C_b(©_e^©2E^- 
This give a contradiction. 

In the same computing as in case 3, we have 

teb B , fflB , e2B , xo s r W = V(S, E[eE' 2 e 2E>- P) 

has purity property. 

Suppose P = P x © P 2 with Pj indecomposable. Without loss of generality, we may set 
P r _1 P(7) ffir" 4 P(5). 

If Hom(X 1 P) = 0, it follows that dimEnd(X) < 6 and A ^ Ce(©^©2^- This give a 
contradiction. 

Thus Hom(X, P) / 0, and we get r~ 4 P(5) h A or r -1 P(7) h A. 

When A 9* r" 4 P(5) © A', we deduce that A 1(8) © r 2 /(l) © r" 4 P(5). Thus 

y(5,/(8)ffir 2 /(l)ffir- 4 P(5);r- 1 P(7)ffir- 4 P(5)) = V(S, 1(8) ffir 2 /(l)); r^P(7)) = {1 point }. 

When A ^ t _1 P(7) © A 2 . We get dimHom(X,P) = 1 and dimEnd(X) = 7. We now set 
A r" 4 P(7) © A 2 . It follows from Hom(T~ 1 P(7),X 2 ) = 1 that End(X 2 ) = 5 and A 2 is 
decomposable. 

Assume that A 2 = A 2 i © A 22 with A 2i G P pre p, A 22 G P pre i- By End(X 2 ) = 5, we get 
dimEnd(X 22 ) + dimHom(X 2 i, X 22 ) < 4. Based on Proposition 4.1.2, we have 

— ► r~ 4 P(7) © X 2 i — > E[ © E' 2 © 2P 3 — ► A 22 — ► 0. 

Applying Hom( , A 22 ) (resp. Hom(E' 1 © P 2 © 2P 3 , )) to the sequence above, we get 

dimHom(E[ © E' 2 © 2P 3 , A 22 ) < 5 and dimHom(E[ © P 2 © 2P 3 , A 22 ) > 6. 

This give a contradiction. Thus A 2 must contain one regular direct summand at least. 
According to the ^IP-quiver of E 7 , we can deduce that A = r~ 1 P(7) P;©P 2 ffiP 3 r 2 /(7). 
Thus 

P*\o BE , effiB , ee2B , © r~ 4 P(5)) = V(S, E[ ®E* 2 ©2P 3 ; r^P(7) © r~ 4 P(5)) 

yy(5,/(8)©r 2 / ( l));r- 4 P(7))U(p3b B , fflB , 0B ,xa P(5) )-Hr-P(5)). 

By m = p = r = 1, we deduce that (P3|o b , E , xO P( r ) ) _1 ( r_4 ^ 5 (^)) nas purity property. So 
does p 3 fe .f,; 1 ^ 1 ^) © r- 4 P(5)). 

Suppose P = Pi © P 2 © P3 with Pj indecomposable. Without loss of generality, we may set 
P r- x P(7) © r- 2 P(7) © r- 4 P(6). 

For any / G Hom(T- 2 P(7), E' 2 ), we have 5(6) h E' 2 /Im(f). 
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By Hom( T - l P{l) ® r~ 4 P(6), E' 2 ) = 0, we deduce that t~ x P(7) ® t- 2 P(7) © r- 4 P(6) is not 
an extension of S by E{ ^ ©2P 3 . 

Similarly, suppose P = Pi © P 2 © P3 © P4 with Pj indecomposable, then we may show that 
there is not an epimorphism from P to E[ E' 2 ©2P 3 . Thus P is not an extension of S by 

p;0p 2 0©2P 3 . 

The proof is complete. □ 

Remark 5.3 Let P be non-trivial extension of (BtS by the regular semi-simple objects in % for 
some i. 



Since 



Z 5,©(t-l)S;©t5 — IP 1 ' 



P 1 X fojU ^ ) _1 (P) 

By induction on t and dimM, Proposition 5.2 is true when S is replaced by (BmS. □ 

Proposition 5.4 Let i be a sink, and P, P' pre-projective modules of kQ ( except Q = Eg ), 
and let M be a regular semi-simple modules in % for some i, 1 ^ i ^ I. 

Then P?\o M *o p ~ (P' © L) have purity property, where L is a submodule of M in%. 
Proof. Let P = ®a\Pi ffia 2 P 2 © • • • ffia t P with Pxt ( P,P,) = for i < j and P is 
indecomposable. 

First, suppose that P = (BaiP\. Applying reflection functor cij, we can turn the question into 
that of in case P = (BaiP(i). By Proposition 5.2 and remark 5.3, the statement is true. 

By the properties of pre-projective components, the statement above is true if M is replaced 
P' © M, where P' is pre-projective. 

Next, suppose that P = ffiaiPi ©a 2 P 2 © • • • ffia t P t and t > 2. Without loss generality, 
we may only consider the case t = 2. 

Since 

it follows from case t = 1 that Ps\o M *o 9 P P ~ 1 (P' © L) have purity property. The proof is 
complete. □ 
Dually, we also have the following statement 

Proposition 5.5 Let i be a source, and I, I' pre-injective modules of kQ ( except Q = Eg ), 
and let M be a regular semi-simple modules in % for some i, 1 ^ i ^ I. 

Then P3\o k[ *o~ l {I' © L) have purity property, where L is a submodule of M in % . □ 

Proposition 5.6 Let i be a sink, and P, P' pre-projective modules of kQ ( except Q = E$ ), 
and let M be a regular module in % for some i, 1 ^ i ^ I. 

Then P3b ~ (P' © L) nave purity property, where L is a submodule of M in T^ . 
Proof. By using induction on dim M, we prove that P3\'o^^q p ~ 1 (P' © L) have purity property. 

The case that M is semi-simple object in % is proved in Proposition 5.4. 

Assume that M is not semi-simple in Ti. Let M' be the direct sum of indecomposable 
summands of M with maximal length in full subcategory % of A — mod. Set M 2 = socq-^M'). 

According to Proposition 2.5 in |GJ] , there is a regular module M\ in % such that 5^f lA / 2 = 1- 
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Since 

Ml * Om 2 = P3P2Pi 1 (0 Ml x Om 2 ), 
Zjvf.Mi.Afa = P2Pi 1 (0 Ml x Om 2 ) npJ X (M) = {1 point }, 
and Omi * 0Af 2 nas om Y finitely many orbits, we thus get 

(r-\e\ / <timO M j_*OM 2 j^ dimO M , 

Thus 

Psfe^Op" 1 ^ © = P3b Ml *aM 2 *Op _1 ( J P' © L) 

= ^P^U^M 2 P3\o Ml ,O pllSjL r\ P ' © L ) X P3b M2 * 0f> _1 (^" © 

Since M2 is semi-simple in full subcategory, the disjoint union above make sense. By Propo- 
sition 5.4, we have that P'i\o M *o p ~ (P" © L') have purity property. 

In addition, it follows from the induction hypothesis and the proof of proposition 2.5 in [GJ] 
that PsloM^Gp,,^' 1 ^' © L ) have Parity property. 

Thus the proof is complete. □ 

6. Canonical bases of TL S (K) 
6.1 This subsection is offered to prove 4.1.5. 

Lemma 6.1.1 Let M (resp. N ) be a module belong to the nonhomogeneous tubes % (resp.Tj) 
in kQ — mod ( except Q = E% ) for i / j, and Om (resp. On) have purity property. 

Then Om®n have purity property. 
Proof. Set a = dim M. (3 = dim N, and X = Om®n- Let 



P 



A C 
B 



A C 
B 



6 GL a+( g, A £ GL a , B 6 GLp 



Then P is a parabolic subgroup of GL a+ p. 

It is well known that the closure Y of GL a+ p/P has purity property. 
Consider the natural projection 

p : GL a+f3 /(Aut A (M) x Aut A (N)) — > GL a+f3 /P. 

It is easy to see that the fibre of p is P/(Aut(M) x Aut(N)). 
By the definition of AuiA(Af) and Aut A (N), we have 

Aui A (M) C GL a , Aut A {N) C GL^, 

P/(Aut\(M) x Autt A (N)) GL a /Aut A (M) x GLp/Aut A (N) x U teI k a ^\ 

Because the closure of GL a /Aut A (M) and GLp/ Aut A (N) have purity property, we can deduce 
that the closure Z of P/(Aut A (M) x ^4wtiA(A0) also have purity property. 
Applying it to the long exact sequence 

► Hi(z,®i) — #*(*,Q*) flj(y,Q { ) — • • • , 

the proof is complete. □ 
Note that Hom A (M, N) is a subspace ofYli £ iHomi t (k ai , In the same way as in Lemma 5.4, 
we have 

Lemma 6.1.2 Let M and N be modules of kQ ( except Q = E 8 ), Ext\(M,N) = 0,Hom A (N,M) 
and Om (resp. O n ) have purity property. Then Om®n have purity property. □ 
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Proposition 6.1.3 Let M be a regular kQ— ( except Q = Eg )module in % for 1 ^ i ^ I. Then 

Om have purity property. 

Proof. We use induction on dim M. 

The case that of M is semi-simple object in % is proved in Lemma 4.2.1-Lemma 4.2.5. 

Assume that M is not semi-simple in %. Let M 1 be the direct sum of indecomposable 
summands of M with maximal length in full subcategory % of A — mod. Set M2 = socq-^M'). 

According to Proposition 2.5 in |GJ] . there is a regular module M\ in % such that g^ lM2 = 1. 
It follows from (5.18) that Ml *Om 2 = Om- 

By induction hypothesis and Lemma 4.2.1-Lemma 4.2.5, we obtain Om 1 and Om 2 have purity 
property. 

On the other hand, because there are finitely many orbits in Om 2 > f° r an Y P ® R® I £ Om 2 j 
by proposition 5.6 and the proof of Proposition 2.5 in [GJj . (pz\o u *e> Pffifl )~ 1 (^""© ^0 nas P ur ity 

property. So does (pafe^.©^^) -1 ^ © R ' © 
Thus 

Consider the proper morphism 

P3 : P2Pr 1 (^Af 1 X OAf 2 ) > Ml * Om 2 - 

From the discussions above, we obtain Om has purity property. 

We now prove Theorem 4.1.5. By |L4] and [L5], Op (resp. AA W ,3 C/) have purity property. 
It now follows from Proposition 6.1.3 that Om have purity property. 

According to Lemma 6.1.2, X = Op t M,w,i have purity property, that is, the desired conclusion 
follows from above. □ 

6.2 Let 

(6- 2 - 1 ) = _£ ^(-l) i ^ imON ^mJr(I% pMiWi/ (Q,))(iV). 

Set 

CB = {&o PMwI |P e Vprep, M G @\ =1 %,le V prei ,w e P(n),n € N}. 
Then we have the main theorem in this paper 

Proposition 6.2.1 The set CB is the canonical basis of7i s (A)( except Q = E$ ). 

Proof. By Proposition 1.3.1, Theorem 3.1.1 and Proposition 6.1.3, the proof is complete. □ 

7. Application o{H s (A) 

7.1 In [H],A.Hubery have proved the existence of Hall polynomials on the tame quivers for Segre 
classes. In this subsection, by using the extension algebras of singularity Ringel-Hall algebras, 
we give a simple and direct proof for the existence of Hall polynomials on the tame quivers. . 

Let Q be a quiver . We define a new algebra % s ^ux2,- ,xt j s generated by {■u»,'U[M]j w [iV] : 

i e I,M eTj,N e © t J^ t , 1 < j < l,t e N}, where x t are F g rational points in P 1 . 
We now give a new decomposition of E n $ as follows 

E n 5 = E n g t i + E n s t 2 + E n s t 3, 
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where 

zt> „.— ndimSi— n dim 52 Y^ „, fti il 

^n<5,l — V 2^ [M], MeCi ©e It * t , dim M=n5 U [M] > 1 > '- L -U 

^„«5,2=^- ndim5l - ridim52 E ' [M],dimM=„5, «[M] , (7.1.2) 

M=M 1 ®M 2 ,0^M 1 e€ 1 ^® xt ^x t ,0^M 2 e(Co\® xt Je xt 

t? _ „,— ndim5i— ndim52 Y^ „, r , i o - ! 

^n<5,3-^ Z^[M],Meffo\ex t ^ t ,dimM=n5 u M- [7.1.6) 

Let w = (toi, • • • , wt) be a partition of n, we then define 

E\v8,3 = E Wl 5,3 * ■ ■ ■ * E Wt S,3- 
Let P(n) be the set of all partitions of n, and (TV) = tr*^+* roBnd ( JV )u [JV] . get 

B' = {(P) * (M) * E wS ,3 *(I)\P£ Vprep, M G ®\ =1 % © Xt j£ t ,I G V prei , w G P(n), n G N}. 

Similar to Theorem 3.1.1, we have the following: 

Proposition 7.1.1 The set B' is Q(v)- basis of H s ' XuX2 "' ' Xt . □ 

Theorem 7.1.2 Let Q be a quiver , let Pi (resp. Ri,Ii) be a pre-projective (resp. nonhomo- 
geneous regular, pre-injective) ¥ q Q— modules , and let Hi G (B^^J^Xj be homogeneous regular 
¥ q Q— modules with Xi to be ¥ q — rational points in P 1 for i = 1,2, 3;j G N. 
Then there exists Hall polynomial ipf 2 (x) £ QM sucn ^ na ^ 

,.3 ( n \ _ n P 3 ®R3®H 3 ®h 

fi2\Q) — yp 1 (SRi(SH 1 (sli,P2®R2®H2®h- 

Proof. Since 

(Pi © Mi © h) * (P 2 © M 2 © h) = (4 2 (v)(P 3 © M 3 © I 3 ) + the other terms, 
and a\ 2 (v) G Q(v). Then we have 

y Pi © Ri ©Pi ffi/i ,P2 ®R2 © H 2 ®h 

_ u dimF,£rMi(^3©M3©J3)-diroF,.Erad(Pi©Mi©^ 

Set 

^1 2 (^) 

V / _ _,dimF £nd(P3©M3©/3)-dim F „£nd(Pi©Mi©Ji)-dimF a £nd(P^ 

— (y y y H ~~ ~ ~ ^*12 

On the other hand, we known that 

v dim Vq £rad(P30M3©J 3 )-dim F9 End(PieAri©Ji)-dimF 9 ^ 

takes the positive integer value while v 2 takes infinite many positive integer values. Then (fi 2 {v 2 ) 
is the polynomial of v 2 over Q. Thus the proof is complete. □ 
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